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Resumen

En la mayoria de las iniciativas conformadas por un grupo de individuos
unidos para lograr un objetivo comun, aquellas personas que se benefician del grupo
sin contribuir a crear y sostener la iniciativa (denominados desertores), son causa de los
malos resultados del proyecto. Este comportamiento, cuando pasa desapercibido, se
propaga facilmente dentro del grupo. Desde un punto de vista personal y pensando a
corto plazo, es beneficioso ser un desertor, sin embargo, si todos desertan, la iniciativa
fracasa. Mejorar la cooperaciéon o, dicho de otra forma, reducir el nimero de desertores
es clave en el éxito de un proyecto. Con este fin, recompensar a quienes siguen las
reglas o sancionar a los desertores son las medidas mas cominmente aplicadas. Sin
embargo, crear y sostener un sistema de incentivos es costoso. Consume recursos tales
como personal, dinero y tiempo y, como consecuencia, reduce las ganancias del grupo.
A veces, incluso con los recursos necesarios, es logisticamente imposible castigar a to-
dos los desertores. En este sentido, es una practica comun, tanto en las iniciativas
publicas como privadas, sancionar solo a una fracciéon de los infractores. Incluir este
conocimiento empirico en un modelo matematico de evolucién de la cooperaciéon medi-
ante un juego de bienes publico con la dinamica del replicador, es la propuesta de esta

tesis.

Palabras clave: Castigo fraccionado, juego de bienes ptblicos opcional, evolucién de

la cooperacién, teoria de juegos evolutivos, dinamica del replicador.

ix



Improving Cooperation in Public Goods Game through Fractional
Punishment of Free-Riders

Author: Magdalena del Rocio Botta Solano Lopez

Advisors:
Prof. Gerardo Blanco, Dr.Ing.
Prof. Christian E. Schaerer, D.Sc.
Summary

In most human initiatives involving non-related people joined together to
achieve a common goal, free-riders cause poor results. They profit from the group
without contributing to create and sustain the initiative. This behavior, when left
unnoticed, often spread within the group. It is beneficial to be a free-rider; however,
if everyone follows the same strategy, the initiative fails. To improve cooperation or,
conversely, to reduce free-riding is key to successful enterprises. To this end, reward-
ing those who follow the rules or sanctioning free-riders are commonly used methods.
However, a system of incentives is expensive. It consumes resources such as people,
time, and money, consequently reducing the group’s profit. Sometimes, even with the
resources, it is logistically impossible to penalize every free-rider in the group. There-
fore, it is common to sanction only a fraction of the free-riders in public and private
initiatives in this vein. This thesis proposes to include this empirical knowledge into an
evolution of cooperation mathematical model through an optional public goods game

with replicator dynamics.

Keywords: Fractional punishment, optional public goods game, evolution of cooper-

ation, evolutionary game theory, replicator dynamics.
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Chapter 1

Introduction

This thesis presents the fractional sanction or punishment model as one possible mech-
anism that increases cooperative behavior in a group. The proposal frames the model
in the context of evolutionary game theory and, particularly, based on models that
study the appearance and maintenance of cooperation using public goods games.

Although not explicitly described or modeled, the inspiration comes from
ordinary practices in institutions, community projects, and, organized groups where
free-riding, an uncooperative behavior, becomes a problem. Free-riding affects the
performance and survival of a project often requiring to penalize those who break
the rules. However, sanctioning implies a cost for the project; the group may decide
between sanctioning the free-riders or assuming the financial loss due to resource uti-
lization (personnel, time, and money). There is no single recipe for how to punish
free-riders. Different groups find different solutions. One of them is to sanction only a
small group of them; cost reduction benefits this method. An example of this method-
ology is random inspections. This strategy seeks to dissuade the remaining population
from breaking the norms.

Using evolutionary game theory and evolutionary models that analyze coop-
eration (and, consequently, free-riding) provides a different perspective of the problem.
For example, in a project with a high rate of non-payment, where the resources are not
enough to sustain the system, it may be sensible to raise the service fee or the individ-
ual contribution to cover the expenses. Increasing the contribution may accomplish the
purpose of maintaining the service, but, this situation is counterproductive in the long
term analyzed from the evolution of cooperative behavior within a population point of
view. Increasing the contribution is, in practice, sanctioning those who do comply with
the rules. In addition, this measure inadvertently stimulates the increase of free-riders

in the population because the benefit for those who contribute decrease.



In the literature, the prisoner’s dilemma exemplifies situations in which two
individuals must decide whether to cooperate or not. Not knowing, each of them, how
the other will act, the rational option is not to cooperate, and the result is that both
end up in a worse situation than they would have been if they had cooperated. If
more than two individuals participate in the dilemma, the literature defines it as a
public goods game. In this game, as in the prisoner’s dilemma, the rational choice, not
cooperating, puts the group in a worse situation than cooperating. When in the game,
individuals can abstain from playing, this situation becomes an optional public goods
game. In this work, the results for both cases are analyzed, emphasizing the optional
public goods game that presents a greater diversity of situations and outcomes.

The evolution of cooperation study, emphasizes the mechanisms that favor
the appearance and maintenance of cooperation in a population. Undoubtedly, the
best known and most applied mechanism is to use incentives to increase cooperation,
whether positive (reward) or negative (sanction). Another well-studied mechanism is
the individual’s possibility to abstain from participating in a game or project. This
mechanism, rather than increasing cooperation, facilitates its maintenance over time.

From the dynamics used in public goods games to study the evolution of
cooperation within a population, the best known is the replicator dynamics. According
to this dynamic, a behavior increases its frequency in a population if the individual
strategy benefit exceeds the average population benefit. On the contrary, if the benefit
of the behavior is less than the average benefit, its frequency decreases, and it tends
to disappear. The intuition behind this process can relate to people’s tendency to
constantly compare their behavior and the benefit they obtain from it with others’
behavior and benefit, to imitate the one providing the most significant benefit.

The fractional sanction model presented in this thesis is theoretical. How-
ever, the system’s behavior is similar to that observed empirically in real cases such as
institutions and groups of individuals working on a joint project. Much of this work
was motivated by the community’s drinking water supply system, Paraguay’s Sanita-
tion Boards (SBs). The fundamental problem for these boards to subsist is free-riding,.
Over time, many present cyclical behaviors of good initial performance, followed by a
decrease in contributions, or in other words, a reduction of cooperation that leads to
poor performance and the near disappearance of the system. This cyclical behavior is
very similar to the results observed in an optional public goods game. In adition, SBs
have problems sanctioning free-riders, often facing both resource and social constraints
to sanction all those who break the rules.

The proposal of this thesis is modeling a fractional punishment in pub-



lic goods games. Hence, previous studies were carried out and are included herein in
chronological order. Therefore, the work organization is as follows: Section 1.1 presents
the research objectives. Section 1.2 summarizes publications and participation in in-
ternational conferences in relation to this thesis. the bibliographic review is in Chapter
2. The research area is highly interdisciplinary; therefore, the chapter briefly reviews
the origin and main components. Likewise, the review presents the critical works in
the area and the most recent works that served as the basis for this thesis. Chapter 3
portrays, facilitating reading and not duplicate content, the concepts, and methodology
that are common to the following chapters.

Chapter 4 presents the results of the first part of the research that constitute
the background of this work. Chapter 5 defines the fractional sanction model for two
strategies; this, is a compulsory public goods game. The work focuses on of free-riding
in drinking water supply systems in sanitation boards and was presented at the CCIS
(Botta et al., 2020) conference. Later, Chapter 6 presents the sanction model for an
optional public goods game (with three strategies).

Finally, chapters 7, and 8 respectively summarize the discussion of the re-
sults and findings, and conclusions of the thesis. After the Bibliography, an extended

resume in spanish is presented.

1.1 Research objective

o To define an evolutionary game theory model of the fractional punishment for
public goods games, seeking mechanism to increase cooperation and the require-
ments to achieve full cooperation, in consistency with empirical observations on

practical cases.

1.2 Specific objectives

e To define the fractional punishment mechanism.

» To model the system in the context of evolutionary game theory and the evolution

of cooperation.

« To present the fractional sanction for optional and compulsive public goods games

using replicator dynamics.

o To analyze the results obtained concerning the modification of the equilibrium

points and the cooperators’ frequency growth.



o To describe the conditions to achieve full cooperation.

o To point out the similarities between the theoretical results and empirical obser-

vations in practical cases.

1.3 Publications and international conferences
Publications:

« Botta, R., Blanco, G., y Schaerer, C. E. Fractional punishment of free riders to

improve cooperation in optional public good games. Games, 12(1), (2021).

« Botta, R., Blanco, G., y Schaerer, C. E. Evolution of cooperation in evolutionary
games for Sanitation Boards. CLEI Electronic Journal, 17(2):1-17, (2014).

International Conferences:

o Botta, R., Schaerer, C. E., y Blanco, G. Fractional punishment with redistribu-
tion in a compulsory public good game. In: 15th International Conference on
Game Theory and Management, GTM. 2021. Russia (Online event).

« Botta, R., Schaerer, C. E., y Blanco, G. Cooperation and punishment in commu-
nity managed water supply system. In: Conference of Computational Interdisci-
plinary Science, CCIS. 2019. EUA.

o Botta, R., Blanco, G. y Schaerer, C. E. Control of incentives for promoting
cooperation in sanitation boards. In: 13th European (formerly Spain-Italy-
Netherlands) Meeting on Game Theory, SING13. 2017. France.

« Botta, R., Blanco, G., y Schaerer C. E. Applying evolutionary games to sani-
tation boards. In: XXXVII Congresso Nacional de Mateméatica Aplicada Com-
putacional, CNMAC. 2017. Brazil.

« Botta, R., Blanco, G. y Schaerer, C. E. Finite population evolutionary game for
water supply sanitation boards. In: Conference on Mathematical Modeling and
Control of Communicable Diseases, MMCCD. 2016. Brazil.



Chapter 2

Literature review

Cooperation, as a behavior, is difficult to explain. Examples in which individuals of
the same species cooperate with each other abound in nature, yet the very existence of
cooperation defies logic. Natural selection is a competitive process that favors the fittest
individuals, that is, individuals with traits and behaviors that favor their survival.
Eventually, by inheritance, those favorable characteristics will pass down to the next
generation. However, a cooperative individual gives up a part of his fitness to benefit
others, under these conditions, how is it possible that cooperation exists and survives?

For decades, this riddle has puzzled evolutionary biologists studying altru-
ism (Hamilton, 1964a; Haldane, 1955). The cooperation existence can be explained
under kin selection (Hamilton, 1964b), direct reciprocity (Trivers, 1971; Axelrod and
Hamilton, 1981), indirect reciprocity (Nowak and Sigmund, 1998) jand structured pop-
ulation (Nowak and May, 1992). In each case, there are conditions for cooperation to
succeed, for instance, direct reciprocity requires a small group of participants and
repetitive interactions; kinship is based on a genetic relationship. Indirect reciprocity
requires knowing the reputation of all participants, and structured population requires
that each participant is positioned such that the interacting participants are always the
same (Nowak, 2006). When the conditions mentioned above are not fulfilled, for in-
stance, in large populations, without spatial population structure or no-kinship within
the group, the individuals select, free-riding.

But, this enigma is not restricted to natural sciences, cooperation is relevant
for contrasting areas of knowledge. In social sciences, this result receives different
denominations such as social dilemma (Dawes, 1980), the tragedy of the commons
(Hardin, 1968, 1998), free-rider problem, and social trap (Hauert et al., 2002b). A
social dilemma describes a situation where a defecting behavior as free-riding is more

beneficial than cooperating, independently of what other individuals choose to do. Still,



if all cooperate, the benefit is greater than if all defect (Dawes, 1980).

Likewise, in social sciences, proposals were made to understand and im-
prove cooperation, in “The Tragedy of the Commons” (Hardin, 1968), Hardin points
out how overexploitation of shared resources for personal benefit can lead to resource
depletion that eventually is detrimental for all. To improve cooperation, Hardin pro-
poses “Mutual Coercion Mutually Agreed Upon”. In a complementary insight, Ostrom,
in “Governing the commons” (Ostrom, 1990), enumerates principles observed in suc-
cessfully managed Common Pool Resources (CPR).

Natural and social sciences, analyzed the situation using game theory (Trivers,
1971; Axelrod and Hamilton, 1981). In 1971, (Trivers, 1971) related cooperation
with game theory when suggesting that the association between two individuals ex-
posed repeatedly to symmetric and reciprocal situations, is analogous to the Prisoner’s
Dilemma. Afterward, in “The Evolution of Cooperation” (Axelrod and Hamilton,
1981), Axelrod models direct reciprocity through iterated prisoner’s dilemma, by two
computer tournaments organized to find a strategy able to sustain cooperation. In
both tournaments the winner strategy was tit-for-tat.

The development of the evolutionary game theory (EGT) was a relevant
event for studying the evolution of cooperation. In 1973, J. Maynard Smith and G. R.
Price published “The Logic of Animal Contest" (Smith and Price, 1973) to explain the
logic behind the ritualized contest among animals. EGT incorporates elements from
classical game theory (Von Neumann and Morgenstern, 1953) and natural selection
theory (Darwin, 1859).

Unlike classic game theory, EGT, is not focused on rational players making
decisions. EGT deals with populations of individuals, and it is the natural selection
process that determines the evolution of a strategy (trait or behavior) in a population.
To apply game theory in a biological context of conflict and cooperation, it is necessary
to replace “utility" by “fitness" and “rationality" by “natural selection" (Smith, 1986).
Strategies with higher benefits (payoffs) are favored by natural selection and spread
within the population by imitation, learning or inheritance (Hofbauer and Sigmund,
2003).

A strategy’s payoff depends on the action taken by others; this is, it depends
on the frequencies of the strategies present in the population. Since these frequencies
change under the payoffs, this leads to a feedback loop. (Hofbauer and Sigmund, 2003).

In (Smith and Price, 1973), the concept of an evolutionarily stable strategy
(ESS) which can not be invaded when adopted by all in the population, was introduced.

However, the ESS was a static concept (Zeeman, 1980); a dynamic for the game was



not defined until a few years later. In 1978, Taylor and Jonker (Taylor and Jonker,
1978) proposed a dynamic where the frequency of a strategy increases or decreases
according to how well it pays compared to the average payoff in the population. This
dynamic was called, later on, “replicator dynamics”.

When dynamical settings were included in EGT, dynamical systems meth-
ods were applied to analyze the evolution of cooperation in a population. It was possible
to analyze the stability of the equilibrium points in the system and how the strategies
frequencies develop in time to converge to the stable states in a population. (Zeeman,
1980; Weibull, 1997; Hofbauer and Sigmund, 1998; Sandholm and Ansell, 2010)

In addition to explaining how cooperative behavior appears, it is relevant
to understand how cooperation can be improved or, at least, sustained in time. Two
mechanisms that affect the cooperation were found out: incentives and abstention.
Rewarding cooperators (positive incentives) or punishing free-riders (negative incen-
tives) can improve cooperation in a group (Yamagishi, 1986; Kollock, 1998; Fehr and
Gachter, 2002; Sigmund, 2007; Sasaki et al., 2012), while abstention to participate in
a project is useful to sustain cooperative behavior (Hauert et al., 2002a,b).

However, an incentive system is expensive and, therefore, raises a second-
order social dilemma (Hilbe and Sigmund, 2010); for this reason, an incentive system
is a public good itself (Yamagishi, 1986; Sigmund, 2007).

In public goods games, the two best-studied forms of punishment are: peer
punishment and pool punishment (Sigmund et al., 2010b). When peer punishment is
applied, every cooperator that decides to punish defectors is called a punisher; after the
game, every punisher reduces its benefit by punishing every defector in the population.
If pool punishment is applied, before the game, each cooperator contributes to a pool
that will be later used to punish the defectors; this pool is separated from the cost the
player has to pay to participate in the game. Both methods have some disadvantages.

Cooperators who do not punish are free riders in the sanctioning system
(called second-order free-riders). With peer punishment, the cost for a small number
of punishers in a group with mostly defectors, prevents the punishers from prosper.
Conversely, in a group without defectors, cooperators and punishers have the same
payoff; therefore, punishers tend to disappear, allowing defectors to invade the popula-
tion. This can not occur with pool punishment since the cooperators must contribute
in a pool for punishment before the game. Pool punishment however is a fixed cost,
that exists even when there are no defectors in the population (Traulsen et al., 2012;
Sigmund et al., 2010b).

Both sanctioning methods were studied and compared in theoretical models



and experiments (Fehr and Géchter, 2002; Sigmund et al., 2010a,b; Hilbe et al., 2014).
For instance, it was found that pool punishment can stabilize cooperation if second-
order free-riders are also punished (Sigmund et al., 2010a; Traulsen et al., 2012). In
addition, the second-order free-riding problem was analyzed in (Ozono et al., 2017,
Hilbe et al., 2014; Sasaki and Unemi, 2011).

Peer and pool punishment are rarely applied in their pure form in practical
situations. More recently, some authors have explored several ways to apply punish-
ment, often inspired in real-world situations. When peer punishment is applied, the
intrinsic over punishing was treated in (Dercole et al., 2013). In this model, a defector
faces a fixed amount of punishment which costs is shared between the punishers; this is
often a milder punishment regarding peer punishment where the punishment imposed
depends on the number of punishers in the group. In (Chen et al., 2014), a fraction
of the cooperators are randomly selected to perform as punishers. They will equally
share the cost associated with punishing the defectors in the population. Given that
punishment is costly, cooperators avoid punishing defectors; with this mechanism, the
cost is fairly distributed. To promote cooperation and regulate the outcome in a pub-
lic goods game, (Zhang et al., 2017b, 2018) introduce ceiling payoff for defectors. If
the number of cooperators surpasses a defined threshold then the payoff for a defector
would not increase further.

This work assumes that both, the service and the sanctions must be imple-
mented with the fee collected periodically in a fee-pool. This is observed as a common
practice in institutions that provide a service. Within this framework, second-order
free-riding does not occur since those who pay for the service implicitly pay for the
sanctioning system. However, this also implies that each player’s profit is reduced,
given that a part of the collected resources must be used to penalize free-riders.

The institution decides the fee-pool portion used for each expense: providing
the service and sanctioning free-riders. The sanctioning system may not be a fixed cost;
when free-riding decreases, the fee-pool amount required to sanction free-riders will also
decrease. Besides, the institution may limit sanctioning expenses by penalizing only a

fraction of them.



Chapter 3

Methodology

Consider a large population where from time to time n randomly selected individuals
are offered to play in a public goods game (n = n, +n, +n.; n > 2). Those who refuse
to play are known in the game as loners (n,). The loners have a payoff o that is constant
and independent of the game. Those who accept to play the public goods game will
receive their payoff from the game (s = n, + n,). Each player must decide if either
contribute or not with a positive amount ¢ to the common pool in the game. Individuals
who contribute are cooperators (n,), those who do not are defectors (n,). The total
contribution to the common pool (obtained from cooperators) is then multiplied by a
factor r (1 < r < n) and distributed between all the players equally, regardless if they
are cooperators or defectors. However, in this model, a previously defined fraction of
the defectors will reduce their payoff reduce to zero, while the remaining defectors will
obtain their usual payoff.

As defined above, there are three possible strategies; therefore, a player can
be a cooperator x, a defector y or a loner z. The payoff of each strategy in a group of
n, cooperators, n, defectors, and n, loners, assuming that each contribution is equal
(¢ = 1), are defined by (Hauert et al., 2002a, 2004):

Ny Ny

Pz = T? - 1a py - T?a p. = 0, (31)

where the parameters r, o, and n are considered under the following assumptions:
Assumption 1 The interest rate on the common pool r satisfies 1 < r <n.

If 1 < r,i.e., if all individuals cooperate, they are better off than if all defects. If r < n,
each individual is better off defecting than cooperating (Hauert et al., 2002a).

Assumption 2 The payoff of the loner strateqy o satisfies 0 < o <r — 1.



This means that the revenue of a cooperator in a group of cooperators
(profiting (r — 1) each) is better off than loners that receive o. Still loners are better
off than a defector in a group of defectors, where the payoff is equal to 0 (Hauert et al.,
2002a). We consider that only a set d (0 < d < 1) of the defectors will be punished
in this work. In particular we assume that this set of randomly selected defectors will
have their corresponding payoff reduced to 0, while the remaining free riders will obtain
the normal payoff. Therefore, a defector not knowing if she will be punished or not, in

the presence of m cooperators will have a payoff equal to:

TNy

py = (1—d) ( ) +d0. (3.2)

S

The payoff in (3) and (3) are defined for a particular number of cooperators, defectors
and loners. However, in a public goods game, an individual does not know the strategy
selected by the group’s other members. To compute a player’s payoff, consider that
this group composition depends on the frequencies of all frequencies in the population.
Therefore, in the sample group of size n with s (s < n) being the number of those
who will participate (cooperators and defectors) and n — s those who refuse (loners).
If s =1, the game cannot take place, and regardless of the strategy of the only player,
the payoff will be equal to a loner payoff; this happens with a probability z"~!.

If s > 2, an individual that agrees to play has s — 1 coplayers from the n —1

sample given by the probability (Hauert et al., 2002a)

(Zj) (1—2)"1 22, (3.3)

Furthermore, the probability that j of these s—1 coplayers will be cooperators and the
others s—1—7j defectors is (Hauert et al., 2002a)

(6 )

The expected payoff for a defector in a group of s(s = 2,...,n) players over

all possible numbers of cooperators is:

Taking into consideration that a defector can be alone (s = 1) or in a group (s > 2) and

that both the number or participants (s) and cooperators (j) in the group are random
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variables, the average payoff for a defector over all possible numbers of participants is

given by:

n

v = e (2.

Observing that (2:11) = (Z) 2, then the expression for p, can be rewritten as

py(7,2,d) = 02"+ (1—d) <T1f <1—1 zn: <n>(1—z)‘9_1zn_s>>

z ni=\s

s ama (rt (L),

For sake of simplicity, we define an auxiliary function a := (1 — 2")/ (n(1 — z)) then

the payoff finally takes the form:

py(x, 2,d) = o2" 7+ (1—d) r%z (1—a). (3.5)

A similar analysis can be performed to obtain the expected payoff of a
cooperator in the population. To distinguish the contribution from one cooperator to

the contribution of the other cooperators in the group, the payoff can be rewritten:

o= (MDD

where n,—1 (the remaining cooperators in the game) is defined as j.

e () 1= ()

Therefore, the expected payoff for a cooperator in a group of s (s = 2,...,n) players

over all possible numbers of cooperators is

s=1 /e 1 ro T J y s—1—j ’ . .
JZO< ; ) (S(J+1)—1> <x+y> <x+y> = ~(s=D7—+--L.

If the cooperator is the only one that wants to play, that is, if s = 1, the payoff is
oz" 1 If (s > 2), the payoff depends on the number or participants (s) in the group.

11



Hence, the expected payoff for a cooperator is given by

pal ) = 04 Y (n_l> (1—2)*tem (Z(s—l)lferZ—l)

—\s—1
(x, 2) oy L Zn: -l (1—z)* 2" | —r ’ Zn: n—1 (1 z)s_lz”_sl
z\ Ly =0 T - - - -
b I—2 \im \s—1 I—z\F\s—1 s
" [n—1 1 " (n—1
1— s—1_n—s— | 1— s—1 n—s
o (o) 5 (e
Observing that (2:11) = (Z)%, we obtain
n—1 z n—1 x 1 (1_Zn) n—1
2T, 2) = — (1= - — —
pe(z,2) = 02 —H“l_z( 2") ", (n = z
1(1-2") ~1 -1
- e P
+r (n (1—2) z ) +z

Rearranging and using, as before, the auxiliary function a, we obtain

x

pe(x,2) = az"_1~|—m+7”1— (1—a) +(1—r)z""1-1. (3.6)
—z

The difference in payoff between defector and cooperator strategies shows the relative

benefit (or drawback) of defectors over cooperators, and it is essential to characterize

the solution orbits. This difference is given by

9(x, 2, d) :=py—ps = 1+(r—1>2"_1‘2((11__227;)—&(12) (1—71(11:))

- (3.7)
=14+ (r—1)2"" —ra— dr(l—z) (1—a).
To highlight the effect of the parameter d, Expression (3.7) is rewritten as
g(x,z,d) == m(z)—dzh(z), (3.8)

where m(z) = 1+(r—1)z""'—ra and h(z) = £ (1—a). Observe that, when d = 0,

then g(z,z,d) = m(z), and the free system introduced in (Hauert et al., 2002a) is

recovered.

For modeling the population dynamics, in this paper and following (Hof-
bauer and Sigmund, 1998), every individual in the population follows a strategy i (for
i = x,y,2) from the three options available: cooperators z, defectors y, and loners z.

Let 0 < z(t),y(t), andz(t) < 1 be the frequency of each of the corresponding available
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strategies of the population at a specific time ¢. To simplify the notation, we drop
henceforth the time dependency t and simply write z, y, and z. The frequency dis-
tribution of the whole population at a specific time ¢ is defined by the state [z, y, 2],
which belongs to the unit simplex S3 given by

Ss={lv.y2l eR*:wyz>0anda+y+2=1}. (3.9)

The interior of S3 is defined as the set of points where all strategies are present (i.e., x
>0,y > 0, and z > 0) and the boundary of S is defined as the set of points that are
not interior points. The boundary of the simplex comprises vertices and borders. The
vertices x, y, and z represent a homogeneous population of cooperators, defectors, and
loners, respectively. In the borders, xy, yz, and zx, one strategy is absent.

Assuming a large enough population in which generations blend continu-
ously into each other, each strategy evolves with a rate that expresses its evolutionary

success following the replicator equation

J=1ypy—p) (3.10)
z=z (pz_ﬁ>

with 2(0), y(0), and 2(0) as initial conditions in the simplex Ss, with p = xp,+yp,+2p.,
where p; is the payoff of the ith strategy, and p is the average payoff of the population.

It is important to remark that the simplex S3 remains invariant under the
flow of Equation (3.10) (see (Hofbauer and Sigmund, 1998; Zeeman, 1980)); hence, if
the state [z,y,z] € S3 at t = 0, then [z,y,2| € S3 Vt, and it is endowed with the
standard norm || - ||2. Notice that, in Expression (3.10), an important behavior relies
on the payoff p; of the ith strategy with respect to the average population payoff p in
the sense that, if p; > p, then the proportion of the ¢ strategy increases, otherwise it
decreases.

A new variable f := z/(x+y) is defined (Hauert et al., 2002a). This variable
represents the fraction of cooperators among the players in the game and allows one
to define a bijection T : (x,y,2) — (f, z), provided that the restriction z +y 4+ 2z = 1
is satisfied. Hence, the system (3.10) can be rewritten in a more convenient reduced
form (Hauert et al., 2002a):

= z(o—p(f,2))
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where (f,z) € [0,1] x [0,1]. The function g(f, z,d) is obtained replacing z = f (1 — 2)
in Expression (3.8), so g(f,2,d) =1+ (r—1)2""'—ra—drf (1 — a). To obtain a more
explicit expression than (3.11), consider that y = 1 —x — 2z, and f = z/(1 — 2). The

system of Equation (3.11) can then be rewritten in the following form:

{f = I~ Ny(f.74) (3.12)

z = z(l—z)(a—kfg(f?z,d)—py(f,z,d)).

For each time ¢, d parametrizes the solution (f, z) of the system of Equation
(3.12). An equilibrium point of System (3.12) exists in the interior of the simplex if

the following expressions are satisfied:
9(f,z,d) =0 (3.13a)

o— fg(f,z,d) —oz" ' — (1 —d)rf(l1—a)=0, (3.13b)

and since both equations have to be satisfied simultaneously, Equation (3.13b) is re-
duced to o(1 — 2"1) — (1 = d)rf(1 — a) = 0, so the value of f can be obtained by

o (1—2"1

f:(l—d)r (1-a)

(3.14)

By then introducing f in (3.13a), an equivalent definition for g(-) that depends only
on z and d is obtained:
G(z,d) = m(z) + h(z,d), (3.15)

where h(z,d) = —1Lo(1—2""") and m(z) = 14 (r — 1)2"! — ra (as introduced in
Expression (3.8)). Now, from (3.15), the value of z in the equilibrium, defined as Z,
can be numerically obtained as a function of d. Recalling that a depends only on z

and denoting a as the expression of a with 2, then (3.13a) and (3.13b) become

{ 14+ (r—1)"" —ra—drf(1—a) = (3.16)

ol (1—d)rf(1—a) = 0

where f corresponds to the value of f at the equilibrium point associated with Z for
a d. Defining an auxiliary variable as b := rd, the above equations take the form of a

system of two equations with two unknowns ( f' and 5), as follows:

{ L4 (r=1)8" 1t —b—df (r—b) = (317

02"’1+(1—d)f(7“—l~)) = 0
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Extracting f = (6(1—2""1)/((1 —d)(r — b)) from the second equation and introducing
it in the first equation, b is obtained. Replacing b in the second equation, a new form

of f in the equilibrium is then obtained:

o

(r—1)+d(c—(r—1))

f= (3.18)

A

Notice that the interior equilibrium point (f, 2) corresponds in the system (Z, 7, 2) to
the equilibrium point in the interior of the simplex S3 given by
o o
20,8) = (2(1—2),(1— 2)(1 - 2), %
@.9,2) = (20-2,0- D)1 - 2),2)
, where a = (r — 1) + d(o0 — (r — 1)) and the dependence on the parameter d is given

explicitly. To relate both systems, a summary of the equilibrium points concernings to

the variables (z,y, z) and their corresponding (f, z) are given in Table 3.1.

A

Table 3.1: Equivalent equilibrium points between systems (%, 9, 2) and (f,2). a = (r—1) +

dlo—(r—1), B=(n—r)/(r(n—1)d).

(2,9, %) (f,2)

(*7?7@72) = (17070) (f;) 73) = (1’0)
(i‘,ﬂ,f) = (Oa 1’0) (f:? 2) = (070)
(i‘vgvé) = (0707 1) (.[773) = (07 1)
(#,9,2) = (5(1-2),1-2)(1-2),2)  (f,2)=(5,2)
@=f9=1-f2=0) (f.2)=(8,0)

The first three equilibrium points in Table 3.1 are the equilibrium points
corresponding to the vertex of S3, the fourth in the interior of the simplex S3, and
the fifth in the border xy. In the next subsections, the effect of d on the equilibrium
point will be analyzed. For that reason, ( . 2) will henceforth be redefined as (f s 2d)
(for d # 0) to distinguish from the equilibrium when d = 0, which will henceforth be
defined as (fo, 2).

Before further analysis, let us define another threshold for the parameter d
that will be used in the following sections. Notice that Expression (3.15) when z = 0
is reduced to (1 —r/n) — o (d/1 —d), from which dy = (n — r)/(noc +n —r) can be

obtained.
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Chapter 4

Preliminary work

Prior to this work, a literature review of the evolution of cooperation models was
performed. The models varied in terms of the number of strategies, type of incentive,
sanctioning systems, conditions and size of the population. Six models were chosen,
they were compared and systematized in a table (see Table 4.1) following their main

characteristics to select those more appropriate to a specific practical case.

Table 4.1: Comparative table. Public goods game models

Model | Year | Reference Game?| Strategies P| Incentive °| Second-order| Population| Conditions
punishment
1 2002 | Hauert et al. | OPGG C,D, L - - Large r>1,
O<o<r—1
2 2005 | Fowler OPGG | C, D, L, P | PeerP Yes Large r—1>o0,
p>c
3 2006 | Brandt et al. | OPGG | C, D, L, P | PeerP Yes Large n>r>1+o,
B>1>a>0
4 2008 | Hauert et al. | OPGG | C, D, L, P | PeerP Yes Infinite r<n0<a<l,
Finite (r—1)c>0>0,
B>y
5 2011 Sasaki and| CPGG C,D, R PoolR Yes Infinite n > 2,
Unemi rL<mn
6 2012 | Sasaki et al. OPGG C,D, L PoolR - Large n>2m>2,
PoolP 1<r<n

Note. Table from “Evolution of cooperation in evolutionary games for Sanitation Boards” (Botta et al., 2014).
2 OPGG: Optional Public Goods Game, CPGG: Compulsory Public Goods Game

b C: Cooperator, D:Desertor, L:Loner, P:Punisher, R:Rewarder
¢ PeerP: Peer-punishment, PoolP: Pool-punishment, PoolR: Pool-reward
As mentioned before, part of this work was motivated by communities
projects. The cooperation, framed within this context, can be seen as the willingness of
individuals to support a project that will be beneficial for the community, accepting to
pay the cost and obeying the rules. Nevertheless, the temptation to free-ride is always
present.
This is the situation in Sanitation Boards. SBs are autonomous community-
based organizations, with some interesting particularities, from the way they are cre-

ated to their administration. The centralized government assists SBs during the early
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stages of its constitution. Once formed, the SB is responsible for its management.
Following (Ostrom, 2002), SBs can be defined as self-governed common-pool resources
(CPR). Participants are much involved in the process of establishing, managing and
regulating an SB. The project produces finite quantities of resources units but usu-
ally the system is greater enough to provide water for the whole community without
conflict. Furthermore, excluding beneficiaries is possible but expensive.

The importance of SBs lies in the fact that, altogether, they provide water
to 42,6% of the households in Paraguay (MOPC, 2018). SBs have undoubtedly con-
tributed to achieving the Millennium Goals (World Health Organization, 2015) and are
a key to the fulfillment of the Sustainable Development Goals (SDG) by 2030. How-
ever, some SBs have a high rate of non-payment, a reason that prevent SBs from being
successful (Abbate, 2011; MOPC, 2018; Martinez et al., 2004). This situation can be
seen as a cooperation problem and, therefore, it could be modeled with a public goods

game.

0 0 0
' 0 o1 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 08 1 0 01 02 03 04 05 06 07 08 08 1
D L D L

Figure 4.1: Preliminary work. Sanitation Boards. Model 1. Optional public goods game
without incentives. A voluntary game without incentive can sustain cooperation in time when
r > 2. Parameters: n =5, 0 =1, (a) r=2, (b) r =3 and, (c) » = 3,5. Initial values: San
Juan Nepomuceno (SIN) z. = 0,52; z4 = 0,38; =, = 0,1 and Villa Ygatimi (VY) z. = 0,4;
xq = 0,5; ¢, = 0,1. Note. Figure from “Evolution of cooperation in evolutionary games for
Sanitation Boards” (Botta et al., 2014).

From the models in Table 4.1, three (Model 1, Model 5 and, Model 6) were
implemented and tested with general data from two SBs obtained in (ABC, 2012;
Martinez et al., 2012). Some results are shown in Figures 4.1 - 4.2. The analysis
was presented in (Botta et al., 2014) with some suggestions for decision-makers in
SBs. After implementing the models, more data from SBs was gathered through a
research project (Botta et al., 2017a) to compare field data with the theoretical results.
Collecting data was difficult since it may be considered sensitive information for some
groups. It made difficult to verify the results from the mathematical model. Although
the results obtained were not satisfactory in terms of the number of data collected, it

proves very useful to understand the modus operandi and managing problems faced in
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SBs.

0 01 02 03 04 05 06 07 08 09 1
D

C D C D

(c) (d)

Figure 4.2: Preliminary work. Sanitation Boards. Model 6 (“Self-returning"variant). VPGG
with incentives. Positive incentives (a) and (b) reinforce cooperative behavior and produces
coexistence of strategies. Negatives incentives (c) and (d) produces full cooperation and the
process depends on the value of the punishment. In both cases the incentive must be at least
moderate for fast and noticeable results. Parameters: n=5,r=3,¢=1,¢=0,5, (a) and (c)
I =0,1, (b) and (d) I = 0,3. Initial conditions: (SJN) z. = 0,52; z4 = 0,38; z, = 0,1 and
(VY) 2. =0,4;, x4 = 0,5; x, = 0, 1. Note. Figure from “Evolution of cooperation in evolutionary
games for Sanitation Boards” (Botta et al., 2014).

Likewise, exploratory works related to finite population models and control
were performed (Botta et al., 2016, 2018, 2017b). In (Botta et al., 2016), the model
from (Hauert et al., 2007) was implemented to analyze how the stationary distribution
of the system and the probabilities to switch from one state (cooperator, defector, loner
or punisher) to the other changes with the size of the population (M), then, in (Botta
et al., 2018), the model was implemented with data collected in the reseach project
(Botta et al., 2017a) for three SBs (ITA1, ITA2 and ITA3) (see Figure 4.3).

Following what has been observed in these works, it was possible to deter-
mine that the studied models are very much adapted for experiments carried out in

a laboratory environment and are difficult to apply in real-world situations because
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they differ in characteristics and procedures. From Table 4.1, an optional public goods
game model without incentives is chosen (see Table 4.1 Model 1), and an incentive
mechanism oriented to ordinary procedures is added. The next chapter presents the

fractional punishment applied to a compulsory public goods game.

a1 a2 a3

01 nw/\ nw/\

2 25 4 15 5 2 25 4 15 5 2 25

4 15 5

3 35 3
Multiplcation factor () Multiplcation factor ()

: Multiplcation factor ()
(a) (b) ()

Figure 4.3: Preliminary work. Sanitation Boards. Model (Hauert et al., 2007): Relative time in
homogeneous states as a function of the multiplication factor . Increasing r increment the time
the system spend in cooperator state, but the time also depends on the size of the population
(M). For bigger SBs r must be larger: To achieve at least 50% of time in cooperator state, ITA1
(M = 1123) needs r > 4, but for ITA2 (M = 141) and ITA3 (M = 205) with less population
r > 3 is sufficient. Parameters: n=5,0=1,c¢=1,5s=0.249, b=1, ¢ =0.3; (a)M = 1123;
(b)M = 141; (c)M = 205. Note. Figure from “Finite population evolutionary game for water
supply sanitation boards” (Botta et al., 2016).
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Chapter 5

Two-strategies fractional punishment

The fractional punishment method was first analyzed in a compulsory public goods
game (Botta et al., 2020). Without the possibility to abstain from playing, i.e. z =0,
there are only two strategies available in the population to cooperate or to defect. The

payoff presented in Equations (3.5, 3.6 and, 3.7) are reduced to

py =(1—d)r (1 - 1>x

Pa :%((n — 1)z + ?) —1 (5.1)
o= (1= 2) o D)=t

and, the system 3.10 es reduced to

v =y (py—>)

T =2 (Ps—D
In the border xy, x +y = 1, thus, the dynamic can be analyzed with one equation:

t=—x(l —2)g(x,d) = —x(1 —2)(1 — (r/n) — drz(1 — 1/n)), (5.3)

which equilibrium pointsare 2 =1 (§ =0), 2 =0 (g = 1) and, Z = (n—7)/(r(n—1)d).
The qualitative characterization of the aforementioned equilibrium points were studied
with the following lemma (Botta et al., 2020)

Lemma 1 Let us consider equation (5.3) modeling the border xy where x denotes the
cooperators, y the defectors, v > 0, y > 0 and z +y = 1. Denoting the fraction of
defectors being sanctioned by d, with 0 < d <1 and defining dy :== (n —r)/(r(n — 1))
then: 1) For 0 < d < 1 the equilibrium point & = 0 is locally asymptotically stable,
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2) & =1 is locally asymptotically stable for d < d < 1 and 3) the point & = (n —
r)/(r(n — 1)d), that exists in the interior of the border for dy < d, is an unstable

equilibrium point.

Proof 1 Consider the Jacobian of the equation (5.3), defined by J(x,d) = di/dx which
has the form:

J(x,d) =—(1—-2z)(1—(r/n) —drx(1 —1/n)) +x(1 —x)dr (1 —1/n). (5.4)

When the expression (5.4) is evaluated at equilibrium point & = 0, it takes the form
J(0,d) = —(1—r/n). As a consequence, since in the game r < n, then the eigenvalue is
negative and the equilibrium point is locally asymptotically stable. This also means that
the reciprocal equilibrium point § = 1 is locally asymptotically stable since x +y = 1.
If expression (5.4) is evaluated at equilibrium point & = 1, the Jacobian
depends on the value of the parameter d, i.e., J(1,d) = (1 —r/n) —dr(1 —1/n). The
etgenvalue is negative for d > dy, and consequently & = 1 s locally asymptotically
stable; however, if d < dy, then the eigenvalue is positive and & = 1 is locally unstable.
In order to analyze the equilibrium point & = (n—r)/(r(n—1)d), it should be
notice that d and x are bounded between 0 and 1. If d =1 then & = (n—r)/(r(n—1)),
this is the minimum value of x for which the equilibrium point exists. Notice also that
the mazimum value of x is 1 then d = (n —r)/(r(n — 1)), this is di, the minimum
value of d for which the equilibrium point exists. For simplicity, let denote & = (n —

r)/(r(n —1)d) as &; then, evaluating the expression (5.4) at &:
J(z,d) = x(x —1)(=dr(l —1/n)). (5.5)

Given that 0 < (1 —1/n) and considering (n—7r)/r(n—1) < x < 1 then the eigenvalue
of (5.5) is positive for positive values of d and therefore for dy < d. Consequently the

equilibrium point is unstable.

o——=9 @o—=
p=1 §=1 7=

(a) (b

20
Y

N

| @

~—

Figure 5.1: Stability of equilibrium points for different values of d: Black dot represents a stable
point, white dot represents an unstable point. (a) With d < d;, the & = 1 is unstable and § = 1
is asymptotically stable. (b) If di < d < 1, an unstable equilibrium 2 = (n — r)/r(n — 1)d,
denoted by & appears, changing the stability of & = 1 that becomes an stable equilibrium point

21



The possible outcomes of the system presented in Lemma 3.1 are sketched
in Figure 5.1. It is important to remark the strong dependence of the characterization
of the equilibrium points on the function g(x,d). If 0 < d < d; then g(x,d) # 0 for
all values of x, and the two equilibrium points are £ = 0 and £ = 1. In such a case,
the & = 1 is globally unstable and & = 0 is globally asymptotically stable (see Figure
5.1.(a)). For dy < d an unstable equilibrium point Z exists in the interior of the border
(see Figure 5.1 (b)). If d = (n —r)/r(n — 1)z then g(x,d) = 0, the corresponding state
x is ¥ and it is an equilibrium point.

In Figure 5.2, the outcomes are shown in terms of the payoff of each strategy
and the average population payoff since the rule in replicator dynamics is to compare
both. When 0 < d < d,, for all values of z, p, < p < p,, therefore the outcome will
be full defection (see Figure 5.2.(a)). For d; < d < 1, the outcome depends on the
composition of the population concerning the equilibrium point Z. As can be seen in
Figure 5.2.(b), if < &, then p, < p and the outcome is full defection. However, if
Z < z, then p, < p and the outcome is full cooperation. Since the maximum value of

d is 1 there is a minimum value of Z, see Figure 5.2.(c).

Pe 9l ‘ Pe] ol ‘ Pe |
— ‘ —n w —
2 — : — : —
& s g 1 Rl -
S gy 2 3
] ] ]
" / " "
/ 0F _{ 0F !
ol 1
Il Il Il Il Il Il Il Il Il Il Il Il Il Il Il Il Il Il
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
xr xr xr

Figure 5.2: Strategies payoff and average population payoff for all possible frequencies of x
and different values of d. With replicator dynamics, a strategy increases if its payoff is greater
than the average population payoff: (a) With d < dy, for all values of z, p, > p,. Since the
payoff of the defectors is greater than the average population payoff (15) for all values of z, the
outcome will be full defection. (b) and (c) For d; < d < 1, the outcome depends on z; p, > p,
forx <Z. (2 = (n—r)/r(n—1)dis indicated by the black dashed line), and p, < p, for z > Z;
hence, cooperators decrease if their frequency is smaller than Z and increase if it is greater than
Z. Parameters: r =3, n =25, (a)d=0, (b)d=0.3, (c)d = 1.

The function g(x,d) represents the difference between defectors and coop-
erators payoff; its value indicates which strategy is preferred. The function g(z,d)
depends on the parameters r, n and, d, but it also depends on the frequency of coop-

erators in the group (see Figure 5.3).

22



0.5 4 : :
‘*i’ =(n—r)/dr(n—1) ‘
O N S B 3L i
. =05} 4
8
= w2
S -1 {— d=0 :
——d=1025
. d=05 1
—15F i
—d=0.75
d=
-9 I L L 1 0 L L | |
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 5.3: (a) g(x,d) as a function of x for several values of d: g(z,d) is positive when
d = 0 for all values of z, for d > 0, g(z,d) changes sign when & = (n — r)/(r(n — 1)d), (b)
Relation bewtween & and d: as d increases, & decreaeses. Since 0 < & < 1, & > 1 is not possible,
conversely, d < (n —r)/(r(n — 1)&) does not affect the system. Parameters: r = 3, n = 5.

According to the results in a compulsory game, sanctioning only a fraction
of the free-riders improves the level of cooperation. This outcome depends on the initial
frequency of cooperators in the group (z), particularly, if = is less than a threshold,
sanctioning even all defectors does not produce the desired effect and the final state of
the system is a population composed only of defectors. If x surpasses the threshold, full
cooperation can be achieved. In a project or institution, everyone contributes and the
enterprise will be able to prosper. The value of d required to achieve full cooperation
depends on the parameters » and n. In addition, the higher the initial frequency of x,
the lower the value of d needed to achieve full cooperation.

Sanctioning only a fraction of the free-riders is a pragmatic solution when
resources are insufficient. In the next chapter, the model is extended to three strategies,

modeling an optional public goods game.
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Chapter 6

Three-strategies fractional punishment

To analyze the fractional punishment in optional public goods games, the payoffs pre-
sented in Chapter 3 are used. First, in Section 6.1 the boundary of the simplex is
analyzed, particularly the borders xz and zy that have not yet been studied. The ef-
fect of the parameter d on the values of f and z and the qualitative characterization of
the interior equilibrium point. is presented in Section 6.2. In Section 6.3, the equilib-
rium point representing full cooperation z = 1, and its basin of attraction is analyzed.

Finally, in Section 6.4, the effect of parameter d on the entire system is resumed.

6.1 Border of the simplex

In the borders, System (3.10) reduces to two equations. The previous chapter studied
the border zy; next, the borders zz and yz are analyzed. Observe that the parameter
d does not affect the borders zx and yz. Furthermore, since the game setup defines
0 < o0 < r —1, the dynamic of the border yz goes from full defection to only loners
in the population, while the dynamic of the border zz goes from only loners in the

population to full cooperation.

6.1.1 Border zx

This border represents a population of cooperators and loners. When x + z = 1, it is
sufficient to analyze the equation & = ((r — 1) — o)z(1 — z) (1 — 2" ') to characterize
the system. If (r — 1) # o, the equilibrium points are £ =1 (2 =0) and £ =0 (2 = 1).
When (r — 1) = o, the system remains constant, and every point in the border is an

equilibrium point. The Jacobian of # has the following form:

J(x,2) = (1=20)(((r = 1) = o) (1 = 2"")) (6.1)
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Evaluating (6.1) shows that the equilibrium point & = 1 (# = 0) is stable (unstable) if
(r—1) > 0. The dynamic of the border goes from only loners in the population to full
cooperation. On the contrary, if (r — 1) < o, the equilibrium point & = 1 (Z = 0) is
unstable (stable) and the system reverses direction; it goes from full cooperation to a
population of loners. When (r — 1) = o the system remains constant and every point
in the border is an equilibrium point, regardless of the value of z. To observe this
consider the ratio between the strategies defined by p := x/z (Sigmund, 2010; Weibull,

1997) and notice that its variation on time is equal to 0.

flj - :sz—sz = p(pe—p:) = p((r = 1) —0)(1 = 2" 7). (62)

6.1.2 Border yz

This border represents a population composed of defectors and loners. Since y+z = 1,
the system can be completely represented by y = y(1 — y)o(2""! —1). When o # 0,
the equilibrium points are § =1 (2 =0) and § =0 (£ = 1). When o = 0, the system
remains constant, and every point in the border is an equilibrium point. The Jacobian

of ¢ has the following form:
J(y,2) = (1— 2o ("1 — 1) (6.3

The equilibrium point § = 1 (g = 0), is unstable (stable) if o > 0. The dynamic in the
border goes from full defection to a population of loners. Conversely, if 0 < 0, §j =1
(§ = 0) is stable (unstable) and the system reverses direction, going from only loners
to full defection. When o = 0 the ratio between the strategies cooperator and loner
defined by p := y/z (Sigmund, 2010; Weibull, 1997) remains equal to 0 in time. Every

point in the border is an equilibrium point, this happens regardless of the value of z:

dp  yz—yz
at 22

p(py—p.) =p(oz""" = 1)). (6:4)

6.2 Interior of the simplex

An interior point in the simplex, represents a population where the three strategies are
present: cooperators, defectors, and loners. The parameter d modifies the position,
nature and number of equilibrium points of the system. Two values of d are especially
important in the analysis; the first, dy := (nr)/(r(n — 1)) was defined in the Lemma 5,

corresponds to the value of d when x = 1 and the second, dy = (nr)/(no + nr), comes
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from the reduction of the Expression (3.15) when z = 0. Both values are used in the

following sections.

6.2.1 Effect of d on the value of z in the equilibrium

Here, the effect of parameter d on functions g(f, z,d), §(z,d), and in 2 itself is analyzed.
To this end, consider that, for dy = 0, there is a value of Z; € (0, 1) such that §(2y,0) =
m(Zo) = 0 (see Expressions (3.15) and (3.8)). We claim that the punishment parameter
d, when d > dy = 0, displaces the value 2, to another Z; such that Z; < Z, with
g(24,d) = 0. To corroborate this affirmation about the effect of d, we introduce the
following two lemmas. In all cases, Assumptions 1 and 2 are fulfilled. The prime
symbol denotes the function’s derivative with respect to its independent variable, for
instance, m’(z) = d”;—iz). We are interested in the relationships between §(z,d) and
§(z,0) = m(z) and between §'(z,d) and m/(z) for a small d > 0 and for z in the

neighborhood of Z, where z > Z.

Lemma 2 Consider 2y € (0,1) associated to dy = 0 such that §(2o,0) = m(2y) = 0.
Let 0 < € << 1 such that p = 2y + €, and m(u), §(p,d), m'(n), and §'(p,d) are
negative. Thus, a) |g(p, d)| = |m(u)| and b) [m' ()| = 1g'(p, d)]

Proof 2 First part. Consider p = 2o + € with € << 1. Observing expression (3.15)
evaluated at zy, it can be observe that both m(u) and h(p) = —do(1 — "~ 1) /(1 — d)
are negative for pu € (0,1). Hence |/m(u)| < |g(u,d)| for d # 0 and |m(p)| = |§(u, d)|
ford=0.

Second part. Consider p € (0,1) with m(p) < 0 and m'(u) < 0, then

(o) = (1) + (0~ 1) o (6.5

n—

Observing that the term —1So(1— p" ™|, = +(n—1)140u""2 is positive, and since

m'(u) and g'(p, d) are negative, then |g'(u,d)| < |m’(u)|.

The effect of the parameter d on the solution Z; of §(z,d) = 0 concerning
the solution 2y of §(Zo,dy) = m(2p) = 0 of the free system model is analyzed in the

following lemma.

Lemma 3 Considering the values of 2y and Z4 associated to dy = 0 and d > dy such

that §(20,0) = m(2y) = 0 and §(24,d) = 0; hence, 24 < Zo.
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Proof 3 Consider n = 2y + € with 0 < e << 1. Thus, n = Z,. Considering the Taylor
series expansion truncated at the first order for m(n) as follows, i.e. high-order terms

of the series are neglected, we have

m(n —€) = m(n) —m'(n)e. (6.6)

Since Zg = n—e and m(2y) = 0 (because 2y satisfies §(2p,0) = m(2y) and §(20,0) =0),

e =m(n)/m'(n).
Consider n = 24+ C, performing a similar analysis for m(n —e€) but now for

g(n—¢,d). Thus,
9(24,d) = g(n,d) — §'(n,d)¢ =0 (6.7)

and ¢ = g(n,d)/§'(n,d). Using the results of Lemma 2, we obtain

g(n,d)|
g'(n,d)]

el _ 1. 4)| _ _i¢ (68)
— ‘ :

(] = )

Since 2y =n — € and Zg = n — (, it is possible to conclude that 25 < Z.

It is important to mention that, due to the value of d considered being small
and the smoothness of m(z) and §(z, d), the high order terms in the expansion in (6.6)
do not significantly affect the analysis and can be neglected. The results of Lemmas 2
and 3 can be observed in Figure 6.1, where the functions m(z) and g(z, d) for a d = 0.01
concerning z in the interval (0, 1) are presented. The effect of displacing 2 to the left

is observed; i.e., 24 with d > 0 is smaller than 2 with d = 0.

1072
0.4 | 7‘771 Ll af 7;71, [
g g
0.3} s
20 B
0.2 s
0.1} s v
0 —
~ —2 |
—0.1 =1 I | | | E— | | | | | |
0 02 04 06 08 1 04 042 044 046 048 05
z z

Figure 6.1: (a) m(z) and §(z,d) with d = 0.01. In the whole interval z € (0,1). (b) Zoom
in the neighborhood of m(z) = 0 and g(z,d) = 0. It can be observed that d decreases the value
of Z in the equilibria. It shows how d shifts the equilibrium point Z to the border of z = 0.
Parameters: n =5, r =3, and 0 = 1.
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Figure 6.2 shows the evolution of Z; concerning several values of the pa-
rameter d (increasing values) remaining constant n, r, and o. It can be observed that
the main effect of the parameter d is precisely to displace Z to the left from its initial

position. This property is exploited for the remainder of the article.

0.4 — d=0 Y
d=0.1
——d =0.1667
0.2 ~ —d =0.2857 |
d=0.4
ISy ol B
—0.2| .
—04 [ [ [ [ [ -

Figure 6.2: Graph of g with several values of d. Observe that, if z = 0, § = 0 when d =
d2(0.2857). Parameters: n =5, r =3, and 0 = 1.

6.2.2 Effect of d on the value of f in the equilibrium

Here it is analyzed the effect of the parameter d on the value of f in the equilibrium.

r—1)+d(oc—(r—1)) "

game setup o < (r — 1) (see (Hauert et al., 2002a)). As a consequence, the expression

Recall that at the interior equilibrium point fd =7 Furthermore, due to

(r=1)+dlc—(r—1)) < (r—1) (6.9)

for all 0 < d < 1. This means that for a 0 < d < d and its corresponding fg, fd and
fd, respectively; the following relationship holds

~ o ~
fo:(r—l) <fi=

o - o

r—Dtdo—(r—1) T G- rdo—(r—1)
(6.10)

This expression means that the effect of the parameter d on the equilibrium value f

consist of incrementing its value or equivalently, improving the level of cooperation.
Figure 6.3 shows the changes in the value of f and Z when d increases its value from 0

to dy. It can be seen how f increases while Z decreases.
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Figure 6.3: Interior equilibrium point (f and 2) for increasing values of d. Observe that when
d increases; the value of f increases while the value of Z decreases. Parameters: n =5, r = 3,
oc=1landdy=(n—r)/(no+n-—r).

6.2.3 Effect of d on the interior equilibrium point

Using the definition for @ (introduced in (B.3)), Equation (3.11) (or equivalently

Equation (3.12)) can be rewritten as follows:

f = _f(l_f)g(faz7d)

2= Z<1—Z)<<1—Z”‘1)(a—f<r—1))—dfr(l—a)(f—U). (6.11)

For simplicity, we will drop the arguments in g(f, z,d) and write simply g. To charac-
terize the equilibrium point at the interior of the simplex, we consider the Jacobian of

System (6.11), which has the following form:
Ju J
g e
o1 Jaz

Ju=dfjdf = (1 =2f)g — f(1 = f)dr(1 —n)), (6.12)
Jip =dfjdz = —f(1 = f)((n—1)(r —1)2""2 —rn’ + drfn), (6.13)

where

Joy = dz/df = z(1—2)((1 —7)(1 — 2" — (1 —a)dr(2f — 1)) (6.14)
Joy = dz)dz = (1-22)((1—2""Nb—e(1—a))+2(1—2)(—(n—1)z""2b—e(—d")) (6.15)

witha' =(1—2"—nz"11-2))/(n(l —2)?),b=0— f(r—1)and e =drf(f — 1).

In the interior equilibrium equilibrium point, g = 0 and (1 — 2" )b —e(1 —
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a) = 0. Evaluating the Jacobian then yields

fA=fHdri—a)  —f1- (-1 - 1)z
—ra’ + d?"fa/)

J = : (6.16)

A1=2)((1 =1 =2"Y) 21— 2)(=(n—1)2""%

—(1—a)(2drf — dr)) —e(—a))

To simplify the analysis, considering the influence of the parameter d, we separate the

Jacobian in two matrices Jr and Jr of dimension 2 x 2 as J = Jr + d Jr with

0 —f(l—f)((n—1)(7’—1)2”_2—m’>
Tn = (6.17)

z(1 — z)((l —r)(1 =21 —2(1-2)(n—1)2""2(c — f(r —1))
and

F(=fr(l - a)) —f(1 = f)(rfa)
Jp = . (6.18)

—2(1=2)((1=ayr@f = 1)) 2(1 = 2)rf(1 —a)(f —1)d

It is important to mention that all the entries of the matrices Jr and Jr have bounded
derivatives. If d = 0, the Jacobian matrix is reduced to Jg. When (6.17) is evaluated

at ( fo, Zp), it becomes

0 Jny,
Jp = . (6.19)
Jry O

Since fo = o/(r — 1) (see Expression (3.18)), Jg,, = 0. The term Jg,, is negative
because r > 1. In addition, the term Jg,, is positive, for 2, € (0, 1) and the parameters
n, o, and r with values normally used in the literature. Figure 6.4.(a) shows the value

of Jg,, for 0 < zy <1 and particularly the value in the equilibrium ( fo, Z20)-
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Figure 6.4: Interior equilibrium point analysis, values of Jg,,, a and &’ for increasing values of
z. (a) Values of Jg,, for 0 < zp <1 and fo = o/(r —1); for 2, the term is positive. (b) Values
of a for 0 < z < 1. (c) Values of a’ for 0 < z < 1. Parameters: n =5, r =3, and 0 = 1.

The eigenvalues of Jg are given by \? = Jg,, Jg,,, observing that Jg,, is
negative and Jg,, is positive. The eigenvalues of Jgr are then pure imaginary. This
result is important for the rest of the analysis of the interior equilibrium point when
d # 0. The fact of that J’s eigenvalues are pure imaginary is not conclusive when the
interior equilibrium point is a center. However, we are assuming here that d = 0, so
the system is reduced to the model in (Hauert et al., 2002a), which proves, using a
Hamiltonian technique, that the interior equilibrium point is a center.

Next, we analyze the case of the Jacobian matrix J perturbed by the pa-
rameter d. To this end, we consider that d ~ 0. It is important to remark the implicit

dependence of the matrices Jg and Jr on the parameter d.

Theorem 1 Suppose a Jacobian matriz of System (6.11) denoted by J and decomposed
as J = Jg + dJr with entries Jg,; and Jg,; fori,j € {1,2} with bounded derivatives.
Suppose also an initial equilibrium point (fo,éo) of System (6.11) that corresponds to
the parameter d = 0, and another equilibrium point for 0 < d denoted by (fd, 24). Thus,
the Jacobian J, evaluated at (fd, Zq) with d =~ 0, has complex eigenvalues with positive

real parts.

Proof 4 Consider

0 ‘]R12 ‘]Tn JT12
J= +d (6.20)
JR21 JR22 JT21 ‘]T22
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Thus, for a positive d and d = € ~ 0, we obtain

€11 JR12 — €12
J = (6.21)

JR21 +Ten JR22 — €22

where the sign of €;; is explicitly specified due to the structure of the entries of the
matrix Jp. It can be observed that 11 > 0, €12 and eq9 are both negative (see Expression
(6.18)). The values of a and a’ in Figure 6.4.(b-c) and €91 can be positive or negative
depending on the value of f on the trajectory of the solution of System (6.11).

The eigenvalues of (6.21) are obtained by

(A —e11)(A = Jry, +€22) = ((JRyy £ E21) (IR, — €12)) = 0. (6.22)

Rearranging the expression above, we can obtain the second-order equation in \

N+ (= Jpyy + 22 — €11)A— (e11(622 — JRay) + (Jpp E€21) (TR, —€12)) =0 (6.23)

with a solution
1 1
/\Zi(JRm _522+511) :ti\/z (624)

where the discriminant A = (Jry, — €22 +¢€11)? — 4 (Jry, £21) (TR, — €12) +4€11 (822 —
JRyy)-

Analysis of v = Jg,, — €99 +¢e11. First observe that, from Expression (6.10),
fo < fa. By Assumptions 1 and 2, and recalling that Jg,, = —z(1 — 2)(n — 1)2"2(0 —
f(r—=1)), Jr,, is positive. In addition, comparing 11 and 99 (see that z(1 — z)rf(1 —
a)(f—1)d' < f(1— f)r(1 —a) in Ezpression (6.18)), and considering d = ¢, then it is
possible to observe that 99 < €11, which is controlled by d = € ~ 0. Hence, the term
JRyy — €22 + €11 15 positive.

Analysis of discriminant A. Observe that Jg,, is an analytic function with
respect to d (since it depends on 24), and Jg,, = 0 for d = 0. Considering the Taylor
series expansion of Jr,, = Jr,, (0 -+ d) with respect to the parameter d, Jg,, is given by
the expansion

Tro (0 + d) = dJp,, lao + O(d”)

where Ji ., denotes the derivative with respect to the parameter d. Observe that d

controls J1’322|d:0, since choosing arbitrarily d can make the term dJ}222|d:0 as small as
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1S necessary.
In addition, the expression (Jg,, — €22 + €11)? inside the discriminant takes
the form
2
(JRQQ — €99 + 811)2 = ((dr]}/{n‘dzo + O(dQ) — €99 + 611)
with all terms controlled arbitrarily by d. As a consequence, (Jg,, — €2 +€11)? = O(d?).

In this case, the discriminant A is
4JR21 Jng + 4821JR12 — 4612]321 + 4821812 + 4811522 — 4811JR22 —+ O(dz)

where the dominant term is 4Jg,, Jr,,, Since the remaining terms are arbitrarily small.
Recalling that Jg,, and Jg,, have opposite signs and the discriminant A is negative for
a sufficiently small d. As a consequence, the eigenvalues of (6.21) are complex with a

positive real part.

Theorem 1 shows that, for a small parameter d (considered positive), the
eigenvalues of the Jacobian J of System (6.11) are complex with positive real parts when
evaluated at the interior equilibrium point ( s 24). This means that this equilibrium
point is an unstable focus; i.e., all solution orbits of System (6.11) are repelled from the
equilibrium point to the boundaries. This can be observed in Table 6.1, where some
values of d, the corresponding equilibrium points ( fd, Z4), the entries of the Jacobian
J, and its eigenvalues are shown.

For d = 0, the eigenvalues of J are pure imaginary, corresponding to the
equilibrium point is a center. This result is consistent with the literature (Hauert et al.,
2002a). With small positive values of the parameter d (d = 0.001 and d = 0.01), the
eigenvalues have positive real parts, implying that the corresponding equilibrium point
is an unstable focus by Theorem 1 (see also Figure 6.5.(a)). It is important to mention
that, the equilibrium point remains an unstable focus. Moreover, it is observed that
JR,, 1s positive for 0 < d and Jp,, < Jp,, as mentioned in Theorem 1.

As d increases, the equilibrium point (fd, Z24) changes its position from the
equilibrium point (fy, %) with d = 0 in the interior of the simplex towards the border
xy by decreasing Z; and increasing fd (see Sections 6.2.1 and 6.2.2).

For completeness observe that when d < 0, the complex eigenvalues of the
Jacobian has negative real parts, meaning that the interior equilibrium point is a stable
focus (see Figure 6.5.(b). In addition, the equilibrium point is displaced towards the
vertex z; the value of Z; increases and the value of fd decreases with respect to the
equilibrium point values fo and Zy. Both phenomena can be observed in Table 6.1 for

the negative values of the parameter d.
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Table 6.1: Effect of the parameter d on the entries of the jacobian J evaluated at the equilibrium
point (fd,éd) with the corresponding eigenvalues. For completeness negative values of d are
included. Parameters n =5, r=3and 0 =1 (¢ = Jg,, — €22 + €11 and A = (Jg,, — €22 +
e11)? — 4 (Jry £ €21) (TR, +€12)).

d J=Jr+dJr (f,2) A=0.5() +0.5VA
B 0 0.14583 0.58333 —0.08507 AL =0
d = 0.2857 [0 ) } d [ o ; } (0.5833,0) o 016667
B T 0 0215497 . [ 055458 —0.12010] A1 = 0.05199 — 0.24425i
d=02 | —0.32474 0.00062 | T 4| —0.05102 —0.02830 | (0-5956,0:2045) A2 = 0.05199 + 0.24425
B T 0 0249647 , [ 0.51820 —0.17732] A1 = 0.023117 — 0.32244i
d=01 | —0.44938 0.00210 | T ¢ | —0.03855 —0.05327 | (0-5263,0:3524) Az = 0.023117 + 0.32244i
B 0 0248317 , [ 0.48162 —0.21732] A1 = 0.00210 — 0.34182i
d=0.01 | —0.47471 0.00046 | T % | —0.00437 —0.06878 | (0-5025,0:4516) Ao = 0.00210 + 0.34182
B T 0 0246887 . [ 047778 —0.22112] A1 = 0.00021 — 0.34213
d = 0.001 | —0.47454 0.00005 | T 4| —0.00044 —0.06996 | (05003, 0-4604) A2 = 0.00021 + 0.34213
B 0 0.24671 0.47735 —0.22155 A1 = —0.34215i
d=0 [70.47450 0 } d { 0 70.07008} (0.5,0.4613) A2 = +0.342154
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6.3 The equilibrium point (#,7,2) = (1,0,0)

This equilibrium represents a homogeneous population composed exclusively of coop-
erators. When d = 0, this equilibrium point is a saddle point ! (Hauert et al., 2002b).
Now, we characterize this equilibrium point for 0 < d and particularly for d; < d.
For simplicity, the system (f, z) (see Expression (3.11)) will be used. As can be seen
in Table 3.1, the equilibrium point (#,7,2) = (1,0,0) corresponds to (f, 2) = (1,0).

Evaluating the Jacobian at this equilibrium point is obtained:

1—r/n—dr(l—1/n) 0
0 o—(r—1)

J = (6.25)

!Depending on the trayectories, a saddle point equilibrium acts as an atractor or a repulsor. In
this work it is considered an unstable equilibrium point
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() (b)

Figure 6.5: Effect of d on the interior equilibrium point for positive and negative d. Parameters
n=>5,r=3and o =1, and values of d as (a) d = 0.1 and (b) d = —0.1. Black dot represents
a stable point, white dot represents an unstable point.

The eigenvalues of (6.25) are as follows: \y =1 —7r/n—dr (1l —1/n) and Ay = (0 —
(r —1)). Notice that Ay is negative given the condition in the game that 0 < ¢ <
(r — 1) (Assumption 2) and the choice of d determines the sign of A\;. Recall that
di = (n—r)/r(n —1). Thus, for d < dy, A is positive, the equilibrium point is
unstable (a saddle); however, if d; < d, \; is negative, the equilibrium point is locally
asymptotically stable.

To better understand this equilibrium point and its basin of attraction, let
us consider the relative-entropy function used in (Weibull, 1997; Sandholm and Ansell,
2010) as a candidate Lyapunov function. To this end, consider the concept of carrier
or support of a given state, as the set of pure strategies with positive probability in
that state.

A

Theorem 2 Suppose that (f,2) = (1,0) and the candidate Lyapunov function Vijo) =
fln (f/f) such that Vi1 0y > 0 for all (f, z) # (f.0) and Vijoy=0forall(f, z)= (f,0).

If
n(l—2)(1+ (r—1)z""1) —r1—-2")

af > n(l—z)r—r(1—2z")

(6.26)
then V(f,o) < 0, and the equilibrium point is locally asymptotically stable

Proof 5 In the equilibrium point (f, 2) = (1,0), only f has positive probability, there-
fore, by using the concept of carrier introduced above, the candidate Lyapunov function
takes the form:

Vi(f)=fIn (?) : (6.27)
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with V;(f) > 0 for all (f,2) # (f,2) and V;(f) =0 for (f,2) = (f,2).
The derivative with respect of time of this candidate Lyapunov function is

given by

Substituting f given by expression (3.12) in the above expression (6.28), it

1s obtained:

where Vf(f) = 0 in the equilibrium point (f,2) = (1,0) and negative when g(f,z, d) <
0. To obtain a condition for the parameter d, the explicit form of g(f, z,d) (see Equation
(3.11) ) is replaced in equation (6.29), then:

Vf(f) =(1-1Ff) (1 +(r—=1)2""t —ra—drf(l - a)) : (6.30)

Observe that Vf(f) is negative if: d > (1+ (r —1)z""' —ra) / (r(1 —a)f),
or equivalently,
n(l—2)1+(r—1)z""1 —r(1-2")

af > n(l—2z)r—r(1-—2z")

(6.31)

In addition Vf(f) is negative along the trajectories specified by system (3.12), when
(6.31) holds, then the equilibrium point (f,2) = (1,0) is locally asymptotically stable.
This means that (f, 2) = (1,0) and the equivalent point in Ss, (%,9,2) = (1,0,0) is
locally asymptotically stable.

In Figure 6.6, the condition (6.26) is analyzed for increasing values of d, with
the restriction d > dy, since this is a requisite for the equilibrium point to be stable (see
Lemma 5). There are two main regions in the simplex. The region colored in orange
contains all the states where Vf < 0, while the region colored in purple contains all the
states where V; > 0. Both regions are separated by a red line that divides the simplex
from a point in the border xy (where z = 0) defined as p; to another in the border yz
(where x = 0) defined as py (see Figure 6.6). This division corresponds to the set of

points where Vf changes sign.
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Figure 6.6: Values of Vf for each possible state of the system. The orange area represents
states Vf < 0; the purple area represents states Vf > 0. The red line between both regions

represents the set of points where Vf changes sign. The black lines are trajectories from several
initial values in the simplex. Parameters n = 5, » = 3, and ¢ = 1, and increasing values of d:
(a) d =0.22, (b) d =0.25, (c) d = 0.35, and (d) d = 0.5.

As d increases the region where Vf < 0 also increases. This happens because
the point p; moves to the vertex y = 1. Notice that the value of p; obtained from V; =0
is x = (n—r)/r(n—1)d. This is the position of the unstable equilibrium in the border
xy analyzed in chapter 5. The point py, however, does not depend on d. When x = 0,
the expression is reduced to 1 + (r — 1)2"! —ra = 0 (see (3.8)). Therefore, the value
of z in the point ps is fixed and corresponds to the value of Z when d = 0 as in (Hauert
et al., 2002a).

Additionally, in Figure 6.6, some paths with initial value points from both

regions Vf < 0 and Vf > 0 are shown. Due to the structure of the solution, even
trajectories with initial values outside the basin of attraction are drawn inside and
eventually end in the equilibrium point. In such a case, the equilibrium point (1,0, 0)

is globally asymptotically stable.
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Notice in Figure 6.6.(a) that some trajectories oscillate before reaching the
equilibrium. This is caused by the unstable equilibrium point in the interior of the
simplex analyzed in Section 6.2. Recall that the interior equilibrium shifts to the
border xy as d increases, reaching it when d = ds, which, for the parameter in Figure
6.6, is dy = 0.2857.

From a practical point of view, we are interested in trajectories where the
frequency of cooperators does not decrease and, consequently, in the set of initial
values from which the number of cooperators increases along all the trajectory to the
equilibrium point. To observe this behavior, two regions are defined in the simplex Ss;
we denote by €) a set of initial values where the frequency of the cooperator strategy

in the solution orbits continuously grows until full cooperation is reached, i.e.,
Q= {(x(to), y(to), 2(to)) : w(F) < x(t)} Vo <T<t. (6.32)

In Figure 6.7, the region € is in green. It can also be observed (and this
is an important consideration) that 2 is enlarged as the parameter d increases. In
addition, the set of initial values in the simplex S3, where the frequency of cooperators

decreases before reaching the equilibrium point, i.e. S5 — €2, is colored in blue.
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Figure 6.7: The behavior of x in the trajectories for each possible initial value. The green area
represents initial values where the frequency of cooperators x increases along the orbit; the blue
area represents initial values where at some point of the trajectories x decreases. The black lines
are trajectories from several initial values in the simplex. n =5, r = 3, and ¢ = 1, and values of
d are (a) d = 0.22 and (b) d = 0.5.

6.4 Effect of the fractional punishment on the sys-

tem. Summary.

Notice that the entire effect of the parameter d on the dynamic and the equilibrium
points of System (3.10) can be described using the thresholds d; and dy as introduced

in Section 6.2.
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(d) (e) ()

Figure 6.8: Phase diagram of the system for increasing values of d. Parameters n =5, r = 3,
and o0 = 1. For these values, di = 0.16667 and dy = 0.2857. Notice that ¢, g2, and g3 are
equilibrium points. (a) d = 0, (b) d = 0.1, (c¢) d = d;, (d) d = 0.25, (e) d = da, and (f)
d=0.99.

When d = 0, the interior equilibrium point ¢; is a center and the the vertices
are saddle points and, for this reason, the boundary of the simplex is a rock-scissors-
paper type heteroclinic cycle (Hauert et al., 2002a). Figure 6.8.(a) shows the periodic
orbits around the equilibrium. Positive values of d cause two transformations in the
system. First, the equilibrium point ¢; becomes unstable; second, the position of
the equilibrium changes. It moves towards the border zy. Figure 6.8.(b) shows how,
with small values of d, d < d;, the trajectories approaching the border of the simplex
oscillate.

As d increases, i.e., dy < d < dy, a new equilibrium point ¢, arises in the
border zy. This is an unstable equilibrium point that moves to the vertex y as d
increments its value. Furthermore, when ¢, appears, the vertex x changes its nature
from unstable (saddle point) to stable (see Figure 6.8.(c-d)). Notice that the number
of oscillations needed to reach the vertex = decreases as d grows. When d = ds, the
equilibrium point ¢; reaches the border xy and merges with the equilibrium point ¢, in
the border. This new equilibrium g3 remains unstable (see Figure 6.8.(¢)). From dy < d
to d = 1, there is no equilibrium in the interior of the simplex. The point g3 continues to
move toward the vertex y, but it does not reach the vertex; when d = 1, the equilibrium

point on the zy border takes the value & = (n — r)/r(n — 1), this corresponds to the
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minimum frequency of cooperators required to achieve full cooperation in a compulsory

game (see Chapter 5).

41



Chapter 7

Discussion

Public goods games, both, in the classic compulsory variant where individuals must
participate in the game and, with the optional variant where participating is a personal
decision, assume conditions that are not easily found in the real-world beyond exper-
iments carried out, in a controlled way, in a laboratory environment. If, in addition,
it is decided to study these games from the evolutionary point of view with dynamics
such as, for example, the replicator dynamics, the possibility of finding a practical case
where all the model requirements are fulfilled, is even lower. However, the problems
that these models represent are part of the daily life of all individuals and, even when
the theoretical model requirements are not met, many of the results observed can be
related to situations that occur in all kinds of institutions and projects.

This duplicity between the theoretical results and its possible practical ex-
planation is interesting and intriguing. Several theoretical results make sense in reality:
(1) as mentioned earlier, increasing the cost of service because resources are insufficient,
means punishing those who are fulfilling their obligation and easily may incentivize
more people to break the rules, (2) the characteristic cycle of strategies found in an
optional game variant is common in many projects where a successful stage can lead
to a bad situation due to the increase in free-riding to the point that a project can
disappear, or (3) as can be seen in Figure 6.8 sanctioning a fraction of the free-riders
decreases the percentage of loners in the population at equilibrium, a consequence that
seems reasonable since a project where the rules are followed, obtains better results
and gives greater confidence in the population to participate in it.

To bring the models closer to real situations, this paper presents a mecha-
nism for applying sanctions widely used in all kinds of institutions, which is to punish
only a fraction of the free-riders. To design the model, we consider two common situ-

ations regarding the administration of institutions: (1) not all those who did not pay
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their fees can be punished due to lack of resources; (2) both, the service provided and
the cost of the sanctioning system come from the fee paid by the users (fee-pool).

Applying fractional punishment, in the theoretical model, increases the level
of cooperation. Even the cooperation of the entire population is achieved if conditions
are met. The value of d also defines the trajectory of the solution; with a small d
full cooperation is reached after increasing oscillations; when d is greater the oscilla-
tions decrease. Of special interest are the trajectories that produce increasing values of
cooperation until all the population cooperates. In addition, this sanctioning method-
ology prevents second-order defectors, that is, cooperators who do not contribute to
the sanctioning system, from appearing, avoiding the cost of the second-order sanction.
Furthermore, the total cost of sanctioning can be decided in advance, since it depends
on the number of defectors to be sanctioned.

Now, if a situation similar to the one modeled is considered in the real-world,
and especially a case such as community projects where resources may be scarce, frac-
tional punishment is a useful tool to increase the level of cooperation at a lower cost.
Furthermore, since the sanction cost is related to the fraction of sanctioned individuals,
it can be adapted to the resources available at that moment in the project. However,
with this approach, the pressure to use correctly the total contribution (fee pool) is
higher, reaching the right balance between the service expenditure with the expendi-
ture to sanction free-riders (in order to increase cooperation again and, consequently,
resources) is more important. Sanctioning free-riders improves cooperation but de-
creases the profit from the game. We consider that an adequate balance between both

expenses is perhaps one of the characteristics of a successful institution.
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Chapter 8

Conclusion and future work

The effect of randomly punishing a percentage of defectors in a public goods game
modeled using replicator dynamics was analyzed. To this end, the model and the
payoff of the strategies were presented, and the equilibrium points in the system were
characterized. For the equilibrium point that represents full cooperation, the basin
of attraction was studied. Finally, the relation between the simulation results and a
possible practical use in community projects was discussed. Future works include frac-
tional sanctioning with redistribution; 7.e., the redistribution of the amount collected
from the fraction of punished defectors to the cooperators in the group and graded
sanctions. The effect of the portion of the fee-pool aimed at sanctioning on the level
of cooperation achieved will also be studied. An adaptive sanction that would be more
efficient and that accompanies changes in the composition of the group over time will

also be considered.
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Resumen extendido en espanol
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Capitulo A

Introduccion

Esta tesis presenta el modelo de sancion o castigo fraccionado como uno de los posibles
mecanismos que incrementan el nivel de cooperaciéon en un grupo de individuos. Este
trabajo se realiza en el contexto de la Teoria de Juegos Evolutivos (TJE) que estudia
la evolucién de comportamientos o rasgos en una poblacién y, particularmente, en base
a modelos que analizan la apariciéon y el mantenimiento de la cooperacion, utilizando
los juegos de bienes publicos.

La inspiracion proviene de practicas comunes, aunque no especificamente
descriptas o modeladas, en instituciones, proyectos comunitarios y grupos de indivi-
duos organizados, en donde la morosidad, un comportamiento no cooperativo, se ha
convertido en un problema. La morosidad afecta el rendimiento y la supervivencia de
un proyecto hasta el punto de que se comienza a sancionar a los que infringen la norma.
Sin embargo, sancionar conlleva un costo para el proyecto porque se utilizan recursos
(personal, tiempo y dinero) y el grupo puede enfrentarse a la decisién entre sancionar
a los morosos o absorber la pérdida. No existe una sola receta de como sancionar a
los morosos, diferentes grupos han encontrado diferentes soluciones. Una de ellas es
sancionar Unicamente a un grupo reducido de ellos; este método tiene el beneficio de
reducir costos y un ejemplo de esta metodologia son los controles al azar. Los mismos
tienen como finalidad disuadir al resto de la poblacién de romper las normas impuestas.

La teoria de juegos evolutivos y los modelos de evolucion de la cooperacion
aportan una vision diferente al problema de la morosidad; por ejemplo, en un proyecto
con morosidad elevada, en donde los recursos no alcanzan para sostener el sistema,
puede decidirse elevar el precio del servicio o el aporte individual para cubrir los costos
del funcionamiento. Aumentar el aporte cumple con el objetivo de mantener el servicio
pero es contraproducente a largo plazo cuando se analiza desde la evolucién de la

cooperacion como un comportamiento presente en la poblaciéon. Incrementar el aporte
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es una forma de sancionar a los que si cumplen con las normas porque el beneficio
del que aporta se vuelve menor. Asi, inadvertidamente se estimula el incremento de
morosos en la poblacion.

En la literatura, para ejemplificar una situaciéon en la que dos individuos
deben decidir si cooperan o no entre si, se utiliza el dilema del prisionero. Al desconocer,
cada uno de ellos, como actuara el otro, la opcion racional es no cooperar y el resultado
es que ambos terminan en una posicion peor que si cooperaban entre si. Cuando mas
de dos personas participan, a este juego se lo conoce como juego de bienes publicos.
En este caso, al igual que en el dilema del prisionero, el resultado final, no cooperar,
lleva al grupo a una peor situacion que si cooperaran entre si.

En la evoluciéon de la cooperaciéon, se estudian aquellos mecanismos que
favorecen la aparicién y mantenimiento de la cooperacion en una poblacion. Sin duda,
el mecanismo mas conocido y aplicado para incrementar la cooperaciéon es utilizar
incentivos, sean estos positivos (recompensas) o negativos (sanciones). Otro mecanismo
estudiado es la posibilidad del individuo de abstenerse de participar, dando lugar a un
juego de bienes publicos opcional. Es esta tesis se analizan los resultados para ambos
casos, con énfasis en el juego de bienes piiblicos opcional que presenta mayor variedad
de situaciones y resultados. Este mecanismo més que incrementar la cooperacién,
facilita su persistencia en el tiempo.

De entre las dinamicas utilizadas para estudiar la evolucién de un compor-
tamiento dentro de una poblacion, la mas conocida es la dinamica del replicador. De
acuerdo a esta dindmica, un comportamiento o estrategia aumenta su frecuencia si
el beneficio para los individuos que la utilizan sobrepasa al beneficio promedio de la
poblacién; al contrario, si el beneficio obtenido es menor, su frecuencia disminuye y
tiende a desaparecer. La intuicion detras de este proceso se puede relacionar con la ten-
dencia de los individuos a comparar constantemente su comportamiento y el beneficio
que obtiene con el comportamiento y beneficio que obtienen otras personas imitando
aquel comportamiento que provean mayor beneficio.

El modelo de sancion fraccionada presentado en esta tesis es tedrico, sin
embargo, el comportamiento del sistema es semejante a lo observado empiricamente
en casos reales como instituciones y agrupaciones de individuos que trabajan en un
proyecto comun. Gran parte de este trabajo fue elaborado teniendo como caso de
estudio un sistema de provision de agua potable administrado por la comunidad, las
Juntas de Saneamiento (JS) del Paraguay. Muchas JS tienen como principal problema
para subsistir su alta tasa de morosidad. Como consecuencia, muchas presentan com-

portamientos ciclicos de buen funcionamiento inicial, seguido por una disminucién de
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los aportes, o dicho de otra forma, de la cooperacion que conlleva a un funcionamiento
deficiente y casi desaparicion del sistema. Ese comportamiento ciclico es muy similar al
resultado encontrado en un juego de bien publico opcional. Por otra parte, las JS, con
frecuencia se enfrentan a limitaciones tanto de recursos como sociales para sancionar a
todos aquellos usuarios que infringen las normas.

La propuesta de esta tesis es modelar la sancién fraccionada o parcial en
juegos de bienes publicos. Para alcanzar este resultado, se realizaron trabajos previos
incluidos aqui en orden cronolégico. Por lo tanto, la organizacion del trabajo es la
siguiente: En la Seccién A.1 se presentan los objetivos del trabajo. En el Capitulo A.2
se encuentra la revision bibliografica. El area de investigacién es altamente interdis-
ciplinaria; por lo tanto, este capitulo contiene una breve resena de su origen y de sus
principales componentes. Asimismo, se presentan los trabajos claves en el area y los
trabajos mas recientes que sirvieron de base a esta tesis. En el capitulo B, se presentan
los conceptos y la metodologia comin a los capitulos siguientes a fin de facilitar la
lectura y no duplicar contenido.

El Capitulo C, contiene los resultados de la primera etapa de la investigacién
que constituyen los antecedentes de este trabajo. En el Capitulo D, se define el modelo
de sancion fraccionada para dos estrategias, esto es, el juego de bienes piiblicos com-
pulsorio. Este trabajo fue enfocado desde la visién del problema de la morosidad en las
Juntas de Saneamiento y fue presentado en el conferencia CCIS (Botta et al., 2020).
El modelo de sancion fraccionada para tres estrategias (un juego de bienes ptblicos
opcional) se describe en el Capitulo E. Este trabajo fue publicado en la revista Games
MDPI (Botta et al., 2021).

La discusion de los resultados obtenidos se presenta en el capitulo F, y las

conclusiones en el capitulo G.

A.1 Objetivos

A.1.1 Objetivo general

o Definir y modelar la sancién o el castigo fraccionado en juegos de bienes publicos
en el contexto de la teoria de juegos evolutivos y la evolucion de la cooperacion,
analizando los resultados con énfasis en el incremento de la cooperacion, los re-
quisitos necesarios para alcanzar la cooperaciéon total y senalando las semejanzas

entre los resultados obtenidos y las observaciones empiricas de casos practicos.
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A.1.2 Objetivos especificos

e Definir el mecanismo de castigo fraccionado.

o Modelar el sistema en el contexto de la teoria de juegos evolutivos y la evolucion

de la cooperacion.

o Presentar el castigo fraccionado para un juego de bienes publicos opcional y

compulsivo con la dindmica del replicador.
o Analizar los puntos de equilibrio del sistema, su estabilidad.
o Presentar los requisitos necesarios para alcanzar la cooperacion total.

» Senalar las coincidencias entre los resultados tedricos y la observaciones empiricas

en casos practicos.

A.2 Revision bibliografica

La cooperaciéon es un comportamiento dificil de explicar. En la naturaleza abundan
ejemplos en los cuales individuos de una misma especie cooperan entre si; sin embargo,
la propia existencia de la cooperacion desafia a la logica. La seleccién natural es un pro-
ceso competitivo que favorece a los individuos mas aptos, es decir, individuos con rasgos
y comportamientos que facilitan su supervivencia y, eventualmente, el paso de estas
caracteristicas favorables a la siguiente generacion. Un individuo que coopera renuncia
a parte de su propio beneficio para ayudar a otros; bajo estas condiciones, ;cémo es
posible que la cooperacion exista y sobreviva? Por décadas, este acertijo ha fascinado
a los bidlogos evolutivos (Hamilton, 1964a; Haldane, 1955). Se encontré que ciertas
circunstancias favorecen la cooperacién (la seleccién de parentesco, la reciprocidad di-
recta e indirecta, la reciprocidad en redes y la seleccién por grupo (Nowak, 2006)). Por
su parte, en el area de la economia, se ha estudiado este problema a través de los dile-
mas sociales; en “La Tragedia de los Comunes” (Hardin, 1968), Hardin propone como
solucion la “Coersion mutua, mutuamente acordada” En forma complementaria Os-
trom, en “Gobernando los Comunes” (Ostrom, 1990), define los principios encontrados
en casos exitosos de manejo de recursos comunales. En ambas areas de investigacién,
esta situacion fue modelada usando la teoria de juegos (Trivers, 1971; Axelrod and
Hamilton, 1981) y con el surgimiento de la teorfa de juegos evolutivos (Smith, 1986),
se model6 utilizando modelos de dindmica evolutiva (Taylor and Jonker, 1978; Weibull,
1997; Hofbauer and Sigmund, 1998).

95



En la literatura, dos mecanismos que afectan la cooperacion fueron muy
estudiados: la aplicacién de incentivos y la posibilidad de abstenerse de participar. Los
incentivos sean castigos o recompensas pueden aumentar la tasa de cooperacion en un
grupo (Yamagishi, 1986; Fehr and Géchter, 2002; Sigmund, 2007; Sasaki et al., 2012),
en tanto que la posibilidad de rehusarse a participar es util para sostener la cooperaciéon
en el tiempo (Hauert et al., 2002a,b).

Sin embargo, aplicar incentivos es costoso porque se utilizan recursos del
sistema; por esa razon, el sistema de incentivos también es un bien publico (Yamagishi,
1986). En la literatura, las dos formas de aplicar sanciones mas utilizada en un juego de
bienes puiblicos son el castigo por pares y el castigo por pozo (Sigmund et al., 2010b). Se
diferencian entre si, por el momento en que se decide si aplicar o no las sanciones y por
la forma en que se obtiene el fondo que sera utilizado para el sistema sancionador. En el
castigo por pares, al finalizar el juego, cada individuo que aporté al juego (denominado
como cooperador) decide si utiliza o no parte del beneficio que obtuvo para sancionar
a aquellos que no aportaron (denominados como desertores). En cambio, en el castigo
por pozo, cada cooperador antes de iniciar el juego aporta a un fondo que seré utilizado
exclusivamente para sancionar a los desertores. Ambos métodos fueron estudiados y
comparados tanto en modelos tedricos como en experimentos (Fehr and Géachter, 2002;
Sigmund et al., 2010a,b; Traulsen et al., 2012; Sasaki and Unemi, 2011) En los tltimos
anos, en la literatura se presentaron otras formas de aplicar los incentivos inspirados
en las condiciones encontradas en el mundo real. (Dercole et al., 2013) considera que
la sancién es un monto fijo. En (Chen et al., 2014), un grupo de los cooperadores es
seleccionado al azar para castigar a los desertores. En (Zhang et al., 2017a) el costo de
sancionar es compartido entre todos los cooperadores y en (Zhang et al., 2017b, 2018),
el pago maximo que puede obtener un desertor esté restringido.

A diferencia de los trabajos mencionados anteriormente, en este modelo se
asumen dos condiciones: i) que tanto el juego como las sanciones deben implemen-
tarse con el monto aportado periédicamente a un pozo comin. Esta es una préctica
comun en instituciones o proyectos que proveen un servicio. Bajo esta circunstancia,
un individuo que aporta para el servicio, implicitamente también estd aportando al
sistema de sanciones. ii) La institucién decide la porcion de los ingresos a ser utilizada
para el servicio y para las sanciones. Asi, el sistema de sanciones no representa un
costo fijo, dependerd del niimero de infractores que existan pero también de la fraccion
de los mismos que se decida sancionar, esta fraccion puede adaptarse a los recursos

disponibles en la institucion.
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Capitulo B

Metodologia y conceptos basicos

Considere una poblaciéon grande de donde cada cierto tiempo se seleccionan n in-
dividuos al azar a los que se les ofrece participar en un juego de bienes ptublicos
(n =mn, +ny+n.; n>2). Alos individuos que deciden no participar se les denomina
solitarios (n,). Los solitarios obtienen un pago constante o que es independiente del
resultado del juego. Los individuos que decidan participar del juego (s = n, + ny),
deben decidir si contribuir o no contribuir al mismo con un monto ¢ = 1 que sera
colocado en un pozo comin. A los individuos que deciden contribuir se les denomina
cooperadores (n,) y a aquellos que no contribuyan se les denomina desertores (ny).
El monto total de las contribuciones se multiplica por un factor r (1 < r < n) y, en
un juego de bienes publicos, el monto final se distribuye equitativamente entre todos
los participantes del juego, sean ellos cooperadores o desertores. En cambio, en esta
tesis, a un porcentaje previamente definido de desertores se les reducira el pago a cero,
mientras que los demas desertores recibiran el pago normal.

El juego, como ha sido definido anteriormente, consta de tres posibles es-
trategias y por lo tanto, un jugador puede pertenecer al grupo de: cooperadores z,
desertores y o solitarios z. Los pagos obtenidos en un grupo de n, cooperadores, n,
desertores, y n, solitarios, considerando que cada contribucién es igual (¢ = 1), se
encuentran definidos de la siguiente forma (Hauert et al., 2002a, 2004):

Ny Ny
px:r?_lv py:T?7 Pz = 0, (Bl)

donde los parametros r, o, y n cumplen las siguientes condiciones:

Axioma 1 La tasa de interés o factor de multiplicacion del pozo comun r satisface

l<r<n.

Sil < r,i.e. sitodos cooperan, el pago es mejor que si todos desertan. Si r < n, cada
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individuo recibe un mejor pago si deserta que si coopera (Hauert et al., 2002a).
Axioma 2 FEl pago de la estrategia de los solitarios o satisface 0 < o < r — 1.

Asi, el beneficio de un cooperador en un grupo de cooperadores (en donde cada uno
obtiene (r—1)) es mejor que el beneficio de un solitario que obtiene o, pero un solitario
obtiene un mejor pago que un desertor en un grupo de desertores en donde el pago es
igual a 0 (Hauert et al., 2002a).

En este trabajo, consideramos que una fracciéon d (0 < d < 1) del grupo de
desertores sera sancionado, quedando su pago reducido a 0, mientras los demas deser-
tores obtendran el pago normal. Por ello, un desertor al desconocer si sera castigado o

no, en presencia de n, cooperadores, tendra un pago igual a:

TNy

py = (1=d) ( ) +do. (B.2)

S

Los pagos definidos en (B.1), son los pagos obtenidos cuando se conoce
el nimero de individuos que decide jugar y el nimero de individuos que decide con-
tribuir al juego, sin embargo, en un juego de bienes piiblicos un individuo desconoce la
composicion del grupo en el que jugara, es decir, ignora las estrategias de los demés par-
ticipantes. Asi, el pago esperado de un desertor en un grupo de n individuos, en donde
el nimero de participantes s y el nimero de cooperadores n, son variables aleatorias

estda definido de la siguiente forma

py(x,2,d) = 02" + (1 — d) r% (1—a), (B.3)
donde a := (1 — 2")/ (n(1 — 2)). El pago esperado de un cooperador en un grupo de n

individuos seleccionados al azar se analiza de forma similar y estda definido como

x
pe(x,2) = az"‘1+ra+r1T (1—a) +(1—r)z""1—1. (B.4)

La diferencia entre el pago de desertores y cooperadores denota la ventaja
(o desventaja) de los desertores sobre los cooperadores, y es esencial para caracterizar

la solucion del sistema. Esta diferencia esta dada por

g(x,2,d) :==p,—p, =1+ (r —1)2""' —ra—dr (1—a). (B.5)

(1-2)

Con el fin de resaltar el efecto del pardmetro d, la expresién (B.5) se puede reescribir
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g(x,z,d) == m(z)—dzh(z), (B.6)

donde m(z) = 14+(r—1)z""'—ra y h(z) = 1= (1—a). Observe que, cuando d = 0,

entonces g(z, z,d) = m(z), y se recupera el sistema libre presentado en (Hauert et al.,
2002a).

Para modelar la dindamica de la poblacion, en este trabajo se sigue el modelo
presentado en (Hofbauer and Sigmund, 1998). Cada individuo en la poblacién utiliza
una estrategia ¢ (para i = z,y,2): cooperadores x, desertores y, y solitarios z. Sea
0 < z(t),y(t), y 2(t) < 1 la frecuencia de cada una de las estrategias presentes en
la poblacién en un tiempo especifico t. A fin de simplificar la notacién, se obvia la
dependencia del tiempo, asi, la distribucion de frecuencias de las estrategias en la
poblacién en un tiempo especifico esta definida por el estado [x,y, z|, que pertenece al

simplex S3 dado por:
53:{[9671/,2]GR?’:x,y,ZZnyeran:l}. (B.7)

El interior del simplex S3 esta definido como el conjunto de puntos en donde todas
las estrategias estdn presentes (i.e. x > 0,y > 0, y z > 0) y el borde de &3 como
el conjunto de puntos que no son puntos interiores. El borde del simplex comprende
vértices y bordes. Los vértices x, y, y z corresponde a puntos del simplex en donde la
poblacién es homogénea; una poblacion compuesta exclusivamente por cooperadores,
desertores y solitarios respectivamente. Los bordes zy, yz, y zx, corresponde a puntos
en donde una de las estrategias esta ausente.

Asumiendo una poblacién suficientemente grande, con generaciones que se
combinan continuamente, cada estrategia evoluciona, siguiendo la ecuacion del repli-
cador, de acuerdo a la tasa que define su éxito evolutivo en la poblacién. El sistema

de las tres estrategias se define de la siguiente forma:

T=ux (px_ﬁ)
g =y (py,—p) (B.8)

donde z(0), y(0), y 2(0) son las condiciones inciales en Ss, p; es el pago de la estrategia
i para i = T,Y,2 Y, P = TPy +Ypy,+2p., es el pago promedio de la poblaciéon. En la
Expresién (B.8), se puede ver cémo la frecuencia de la estrategia i, depende de la

diferencia entre el pago p; de la misma y el pago promedio de la poblacién p. Cuando
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p; > P, la frecuencia de la estrategia ¢ aumenta, en caso contrario, disminuye.

Para simplificar el andlisis en el interior del S5 se define una variable f :=
z/(x +y) (Hauert et al., 2002a) que representa la fraccién de cooperadores entre los
participantes del juego y permite definir la biyeccion T : (z,y,2) — (f,z). Adi-
cionalmente, la restriccién z + y + z = 1 debe cumplirse. Asi, el sistema (B.8) puede

reescribirse en forma reducida con dos variables (Hauert et al., 2002a):

{f = —f(L-Ny(f.7d) (B9)

¢ = zlo—-p(f,2))

donde (f,z) € [0,1] x [0,1] y g(f,2,d) =1+ (r —1)2"' —ra—drf (1 —a). A partir

de este sistema se puede obtener el valor de f:

o (1—-2z"1

(1—dyr (1-—a)

f= (B.10)
Con el valor de f, se obtiene una definicién equivalente para g(-) que depende sélamente
de z y d:

§(z,d) = m(2) + h(z,d), (B.11)

donde h(z,d) = —1L0(1 — 2" 1) y m(z) = 1 + (r — 1)2"~ — ra (como fuera definida
n (B.6)). A partir de (B.11), el valor de z en el equilibrio, definido como 2, se puede
obtener numéricamente como una funcién de d. Asimismo, se obtiene una nueva forma

de f que depende tnicamente de d y esta definido por:

g

= oD de— =Dy

(B.12)

asi, el punto de equilibrio interior ( 1, 2), se corresponde en el sistema (Z, g, 2) al punto

de equilibrio interior del simplex S3 dado por

g

0.9, = (20-2,0- D)1 - 2),2)

(% 0%

donde o = (r — 1) + d(0 — (r — 1)) y la dependencia del parametro d es dado explici-
tamente. En la Tabla B.1 se presenta un resumen de los puntos de equilibrio en el

sistema (2,7, 2) y su correspondencia en el sistema (f, 2).
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A

Tabla B.1: Equivalencia de los puntos de equilibrio entre los sistemas (Z,9,2) y (f,2). a =

(r—1)+d(oc—(r—1)), 8=nm—r)/(r(n—1)d).

(2,9, 2) (f:2)

(ﬁvgaé) - (17070) (-]i? 2) = (170)
(ﬁjagaé) = (07 170) (fA) 2) = (O’O)
(j’gj’,%) = (anal) (Jf?'é) (07 1)
(#,9,2) = (Z(1-2),1-2)1-2),2)  (f,2)=(5,2)
(@=f9=1-f2=0) (f,2) =(8,0)

Los primeros tres puntos de equilibrio en la Tabla B.1 corresponden a los
vértices del simplex Ss, los otros dos son puntos de equilibrio interiores: el cuarto en
el interior de &3 y el quinto en el interior del borde xy. Con el fin de distinguir el
efecto de d sobre los puntos de equilibrios del sistema ( f , 2), a partir de ahora se define
como ( fa, Z4) al punto de equilibrio cuando d > 0 y se define como ( fo, %) al punto de

equilibrio cuando d = 0.
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Capitulo C

Antecedentes del trabajo

En una etapa anterior a este trabajo, se realizdé una revisiéon bibliografica de modelos
que estudiaran la evolucion de la cooperacion en un juego de bienes publicos utilizando
la dinamica del replicador. Algunos de los modelos fueron sistematizados en una tabla
(ver Tabla C.1), de acuerdo a sus caracteristicas, con el fin de evaluar cuales podrian

ser aplicados a casos practicos.

Tabla C.1: Tabla comparativa. Modelos de juegos de bienes publicos

Modelo [Afo | Referencia |Tipo de | Estrategias P Tipo de | Castigo de Poblacién | Condiciones
Juego? incentivo ©| segundo orden
1 2002 | Hauert et al.| OPGG | C, D, S - - Grande | r > 1,
O0<o<r—1
2 2005 | Fowler OPGG | C,D, S, P Peer P Si Grande r—1>o0,
p>c
3 2006 | Brandt et al.| OPGG | C, D, S, P Peer P Si Grande | n>7r>1+4o0,
B>1>a>0
4 2008 | Hauert et al.| OPGG | C, D, S, P Peer P Si Infinita r<n 0<a<l,
Finita (r—1)c>0>0,
B>~
5 2011 | Sasaki and| CPGG | C, D, R Pool R Si Infinita n>2
Unemi rr<n
6 2012 | Sasaki et al. | OPGG | C, D, S Pool R - Grande | n>2m > 2,
Pool P 1<r<n

Nota. Esta tabla proviene del trabajo (Botta et al., 2014), en donde se puede obtener la descripcién completa. A
continuacién se definen los conceptos mas importantes.

2 OPGG: Juego de bienes publicos opcional (también conocido como Juego de bienes puiblicos voluntario -VPGG-
), CPGG: Juego de bienes ptblicos compulsorio
b C: Cooperadores, D: Desertores, S: Solitarios, P: Castigador, R: Recompensador
¢ PeerP: Castigo por pares, PoolP: Castigo por pozo, PoolR: Recompensa por pozo
Los modelos seleccionados variaban en cuanto a niimero de estrategias, tipo

y forma de aplicar los incentivos, y tamano de la poblacién. Tres de estos modelos
fueron estudiados a profundidad; se implementaron y probaron con datos generales
provenientes de JS del pais (ABC, 2012; Martinez et al., 2012) (ver Figura C.1). Las
JS son organizaciones comunitarias con caracteristicas particulares en cuanto a su
creacion y administracién. El gobierno asiste a las juntas durante su proceso de con-

solidacién, sin embargo, una vez constituidas, la administracion es responsabilidad de
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la comunidad. Por décadas, estas organizaciones han sido clave para la obtencién de
agua potable en zonas suburbanas y rurales del pais. Los resultados obtenidos de este
trabajo, asi como algunas sugerencias para los tomadores de decisiones de las JS se
encuentran en (Botta, 2013; Botta et al., 2014). A través del proyecto de investigacién
(Botta et al., 2017a), se buscé recabar datos de morosidad en las JS para comparar
los datos de campo con el resultado tedrico y la informacion obtenida de los medios
de comunicaciéon. El resultado fue poco satisfactorios en cuanto a la cantidad de in-
formacién obtenida: esto se debié a que los datos a menudo son considerados como
informacion sensible sobre el desempeno de una junta. Aun asi, el proyecto resultd

sumamente 1til para entender el modus operandi de las mismas.

(b) D (©

Figura C.1: Juntas de Saneamiento. Modelo 1. Juego de bienes publicos opcional sin incen-
tivos. Cuando el juego es voluntario, alin sin incentivos es posible sostener la cooperacién en el
tiempo cuando r > 2 Pardmetros: n =5, 0 =1, (a)r =2, (b) r =3y (c) r = 3,5. Condiciones
iniciales: San Juan Nepomuceno (SJN) z. = 0,52; x4 = 0,38; 2, = 0,1 y Villa Ygatimi (VY)
x.=0,4; zg = 0,5; z, = 0,1 . Nota. Esta figura proviene del trabajo (Botta et al., 2014), en
donde se puede obtener la descripciéon completa.

En paralelo, se realizaron trabajos puntuales relacionados con modelos cen-
trados en poblaciones finitas y control (Botta et al., 2016, 2018, 2017b). En (Botta
et al., 2016) se estudié el modelo de (Hauert et al., 2007) para analizar la distribucién
estacionaria de un sistema y la probabilidad de pasar de un estado a otro (cooperador,
desertor, solitario y castigador) de acuerdo al tamafio de la poblacion; el modelo fue
implementado en (Botta et al., 2018) con los datos del proyecto de investigacion (Botta
et al., 2017a)(ver Figura C.2).

De acuerdo a lo observado en estos trabajos, se pudo concluir, que los mo-
delos estudiados son adecuados para experimentos realizados en laboratorio pero son
dificiles de aplicar a un caso practico, como por ejemplo los proyectos de grupos co-
munitarios, porque difieren tanto en los procedimientos como en las caracteristicas.
Por lo tanto, se elige un modelo basico de juego de bienes publicos opcional sin in-
centivos (ver Tabla C.1 Modelo 1) y se agrega un modelo de incentivo comiinmente

utilizado en la practica, sancionar tinicamente a una fracciéon de los infractores. En
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a1 a2 a3

01 nw/\ nw/\

2 25 4 15 5 2 25 4 15 5 2 25 4 15 5

: Multiplcation factor ()
(a) (b) ()

Figura C.2: Tiempo relativo en estados homogéneos como una funcién del factor de multipli-
caciéon r para JS de diferente tamafio. Al aumentar r se aumenta el tiempo que el sistema pasa
en el estado de cooperacién. El tiempo depende ademas del tamafio de la poblacién (M). Para
JS de mayor tamafio, » debe ser mayor: Para alcanzar al menos 50% del tiempo en el estado de
cooperacién, ITAL (M = 1123) necesita r > 4, pero para ITA2 (M = 141) e ITA3 (M = 205),
con menos poblacién, r > 3 is suficiente. Pardmetros: N =5, 0 =1, c=1,r =3, s = 0.249,
b=1 ¢g=0.3; (a) M =1123; (b) M = 141 y (c) M = 205. Nota. Esta figura proviene del
trabajo (Botta et al., 2016), en donde se puede obtener la descripcién completa.

3 3
Multiplcation factor () Multiplcation factor ()

el siguiente capitulo se presenta el castigo fraccionado aplicado a un juego de bienes

publicos compulsorio.

Capitulo D

Castigo fraccionado para dos estrate-
gias

El modelo de sancionamiento fraccionado presentado en esta tesis, fue implementado
primeramente en un modelo de juego de bienes piblicos compulsorio con dos estrate-

gias, cooperar o desertar. Como en este juego no existe la opcién de no participar,

la estrategia de los solitarios desaparece, i.e. z = 0, y los pagos presentados en la
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metodologia (Ecuaciones B.3, B.4 y B.5) se reducen a

D —%((n— 1)x+T) ~1 (D.1)
Py px=<1—;> —d<r—£>fv= 9(d, ),

y el sistema B.8 se reduce a
& =2 (pe=P) (D.2)
=1y (py—p)

En el borde xy, v +y = 1, y la dindmica puede ser analizada con la siguiente ecuacién:
t=—x(l —2)g(x,d) = —2(1 —2)(1 — (r/n) — drz(1 — 1/n)), (D.3)

que tiene los siguientes puntos de equilibrio: 2 =1 (g =0), 2 =0 (g=1)y 2 =
(n—r7r)/(r(n —1)d). Estos puntos de equilibrio fueron caracterizados en (Botta et al.,

2020) usando el siguiente lema:

Lemma 4 Considere la Ecuacion (D.3) que modela el borde xy donde x denota a los
cooperadores, y denota a los desertores, x > 0,y > 0, yx +y = 1. Si la fraccion
de desertores sancionada se denota con d, siendo 0 < d < 1 y definiendo dy := (n —
r)/(r(n — 1)), entonces (1) para 0 < d < 1, el punto de equilibrio & = 0 es localmente
asimptoticamente estable, (2) & =1 es localmente asimptdticamente estable para dy <
d<1,y(3) el punto & = (n—r)/(r(n —1)d), que existe en el interior del borde para

dy < d, es un punto de equilibrio inestable.

Los resultados posibles del sistema presentado en el Lema 3.1 estan esquematizados
en la Figura D.1. Cabe mencionar la dependencia de los puntos de equilibrio de la
funcion g(z,d). Si 0 < d < dj, entonces g(z,d) # 0 para todos los valores de z, y los
dos puntos de equilibrio son Z = 0 y £ = 1 son globalmente asimptdéticamente estable
y globlamente asimptéticamente inestable respectivamente (ver la Figura D.1.(a)). Si
d; < d, un punto de equilibrio interior inestable & aparece en el interior del borde
(ver Figura D.1.(b)). Sid = (n —r)/r(n — 1)z, entonces g(z,d) = 0, y el estado x

corresponde al punto de equilibrio 7.
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Figura D.1: Estabilidad de los puntos de equilibrio del sistema para diferentes valores de d: el
punto negro representa un equilibrio estable y el punto blanco a un equilibrio inestable. (a) Si
d < di, & =1 es inestable y § = 1 es asimptéticamente estable. (b) Si d; < d <1, un punto de
equilibrio inestable & = (n — r)/r(n — 1)d, definido como %, aparece, cambiando la estabilidad
de £ = 1, que se vuelve un punto de equilibrio estable.

~—

La funcién g(z,d) representa la diferencia entre los pagos de cooperadores
y desertores; su valor indica cudl estrategia es favorecida, y eventualmente, el estado
final del sistema. El valor de g(x,d) depende de los pardmetros r, n y d, pero también

depende de la frecuencia de cooperadores en la poblacién (ver Figura D.2).

0.5 4 ‘ ‘
—— ‘7f=(n—r)/dr(n—1) ‘

3, -

,.:r w2
® —1H— d=0 b
—d=0.25 1
=0.5 |
R | |
d=1
-2 1 L | | 0 L L L L
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figura D.2: (a) g(z,d) en funcién de x para diferentes valores de d: cuando d = 0, g(x,d)
es positivo para todos los valores de z. Si d > 0, g(z,d) cambia de signo cuando & = (n —
r)/(r(n — 1)d). (b) Relacién entre & y d, cuando d aumenta, & disminuye. Como 0 < & < 1,
Z > 1 no tiene sentido en el sistema, o visto de otra forma, d < (n —r)/(r(n — 1)) no produce
efecto sobre el sistema. Pardmetros: r =3, n = 5.

De acuerdo a los resultados obtenidos, sancionando solamente a una frac-
cion de los desertores es posible mejorar el porcentaje de cooperacion. El resultado
depende de la frecuencia inicial de cooperadores (x). En particular, si la frecuencia
inicial es menor a un umbral, sancionar, inclusive a todos los desertores no produce
el efecto deseado y el estado final del sistema es una poblacién compuesta solamente
de desertores. Si la frecuencia inicial de cooperadores (z) en la poblacion sobrepasa el
umbral, sancionando a los desertores se puede obtener una cooperaciéon total, que en
términos practicos significa que todos los participantes cooperan y el proyecto o insti-

tucion es exitoso. El valor de d necesario para alcanzar la cooperaciéon total dependera
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de los parametros r, n y de z; cuanto mayor es la frecuencia inicial de x, menor es el
valor de d necesario para alcanzar la cooperacion total.

Sancionar solamente a un grupo de los desertores reduce el costo de san-
cionar a los que no cumplen con las normas y es una soluciéon pragmatica cuando
los recursos no son suficientes. En el siguiente capitulo, el modelo se extiende a tres

estrategias, modelando un juego de bienes piblicos opcional.

Capitulo E

Castigo fraccionado para tres estrate-

gias

Para analizar el juego de bienes publicos opcional utilizaremos los pagos de las es-
trategias presentados en el Capitulo B. En la primera parte, se analizara el borde del
simplex, en particular los bordes xz y zy. Se demostrara el efecto del parametro d sobre
los valores de f y z en el equilibrio, luego se analizaran cualitativamente los puntos de

equilibrio y se estudiara la cuenca de atraccién del punto de equilibrio x = 1.

E.1 Borde del simplex

En el borde, el sistema (B.8) se reduce a dos estrategias. En el Capitulo D se analizd
el borde xy, a continuacién se presenta el analisis de los bordes zx e yz. Se observa
cémo el parametro d no tiene efecto sobre el comportamiento del sistema en los bordes
zx e yz. Ademas, como en el juego se define 0 < o < r — 1, la dindmica del borde yz

va del vértice y al vértice z y la dinamica del borde zz va del vértice z al vértice x.

Borde zx. Este borde representa a una poblacién de cooperadores y solitarios. Como
r+ 2z =1 (y = 0), es suficiente con analizar la ecuacién & = ((r — 1) — o)x(1 —
z) (1 — 2" ') para caracterizar el sistema. Como por el juego o < (r — 1), los puntos

de equilibrio son: 2 =1 (2 =0)y Z =0 (2 = 1). La Jacobiana de i presenta la
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siguiente forma:

J(x,2) = (1=20)(((r = 1) = o) (1 = 2"")) (B.1)

Evaluando (E.1) se puede obsevar que el punto de equilibrio & = 1 (Z = 0) es estable
(inestable) cuando (r — 1) > o, como lo requiere el juego y la dindmica del borde zx

va del vértice z a vértice x

Borde yz. Este borde representa una poblacion compuesta de desertores y solitarios.
Como y + z =1 (x = 0), el sistema se puede analizar completamente por la ecuacién:
y = y(1 —y)o(z"t —1). Como 0 < o por los requisitos del juego, los puntos de
equilibrio son § =1 (2 =0) yj = 0 (£ = 1). La Jacobiana de g presenta la siguiente
forma:

J(y,2) = (1= 2)o(z"" 1) (E:2)

Como 0 < o el punto de equilibrio § = 1 (§ = 0) es inestable (estable) y la dindmica

del borde yz va del vértice y a vértice z.

E.2 Interior del simplex

Un punto en el interior del simplex representa una poblacion en la que todas las es-
trategias estan presentes: cooperadores, desertores y solitarios. El parametro d, mo-
difica la posicion, la naturaleza y el nimero de puntos de equilibrios del sistema. Dos
valores de d son especialmente importantes en el analisis del trabajo, el primero es
dy = (n—r)/(r(n—1)), definido en el Lema 4, y que corresponde al valor de d cuando
z = 1. El segundo es dy = (n —r)/(no +n — r), el cual proviene de la reduccién
del la Expresién (B.11) cuando z = 0. Ambos valores son utilizados en las siguientes

secciones.

Efecto de d sobre el valor de z en el equilibrio. Para analizar el efecto del
parametro d en Z y en las funciones ¢(f, z,d) y §(z,d), considere que, para dy = 0,
existe un valor de 2y € (0,1) tal que g(2,0) = m(2y) = 0 (ver Expresiones (B.11) y
(B.6)). Se ha encontrado que cuando d > dp, el valor de 2 se desplaza a otro valor 2,
tal que 24 < Zg. El efecto del parametro d en la solucién 2, con g(z,d) = 0 con respecto

a la solucion 2y con §(Z2, dy) = m(Zy) = 0 se analiza en el siguiente lema.

Lemma 5 Considerando los valores de Zy y Z4 asociados a dy = 0 y d > dy tal que

9(20,0) =m(29) =0 y g(24,d) = 0; entonces, 24 < Z.
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En la Figura E.1 se puede observar el efecto de d al desplazar Z hacia la izquierda; i.e.,

Zq con d > 0 es menor que 2 con d = 0.

1072
041 —m] 4] —m
g g
0.3 3
2 - o
0.2 i
0.1} 40
0 —
- 9| =
—0.1 b1 | | | | [ | | | | | |
0 0.2 0.4 0.6 0.8 1 04 042 044 046 048 0.5
z z

Figura E.1: Modelo para tres estrategias. Grafico de (@) m(z) y §(z,d) en el intérvalo z € (0, 1)
con d = 0.01. (b) En la cercania de m(z) = 0y g(z,d) = 0, puede observarse mejor como d
disminuye el valor de Z en el equilibrio y desplaza el equilibrio Z hacia el borde xy donde z = 0.
Pardmetros: n=5,r=3y o = 1.

Efecto de d sobre el valor de f en el equilibrio. En la metodologia, se defini6
que en el punto de equilibrio interior f; = o /((r — 1) + d(c — (r — 1))), ademés, es un
requerimiento del juego que o < (r — 1) (Hauert et al., 2002a) y como consecuencia se
tiene la siguiente expresion (r —1)+d(oc — (r—1)) < (r—1) para todo 0 < d < 1. Asi,

para una 0 < d < d y los correspondientes fg, fd y fd, se tiene la siguiente relacién :

(Ll vy g ey s s C Al s e e s M

Por lo tanto, el parametro d incrementa el valor de f en el equilibrio, 7.e , aumenta el

nivel de cooperacion en el juego.

Efecto de d en el punto de equilibrio interior. Usando la definicién de a (intro-

ducida en (B.3)), la Ecuacién (B.9) puede ser reescrita como sigue:

f - _f<1_f)g<f7zad)

¢ = 2(1—2)<(1—Z”1>(U—f(r—1))—dfr(l—a)(f—1)>. (E.4)

Para simplificar la lectura, los argumentos de g(f, z,d) se obviardn y se escribird so-

lamente g. Para caracterizar el equilibrio, se observa la Jacobiana del Sistema (E.4),
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que presenta la siguiente formas:
Jun J
J— 1 Jiz
o1 Joz,

Ju =df/df = —((1=2f)g— f(1 = f)dr(l —n)),
Jio=df/dz=—f(1— f)(n—1)(r —1)2""2 —rn’ +drfn),

o =dz/df = 2z(1—2)((1 —=7)(1 —2"1) — (1 —a)dr(2f — 1))

donde

—— /N /N
H ®H &© o
co N O @ ot
~—" N N~ N~

Jog = dz/dz = (1-22)((1—2""Nb—e(1—a))+2(1—2)(—(n—1)2""2b—e(—d))

siendoa’ = (1 —2"—nz""Y1-2))/(n(1—-2)?2),b=0c—f(r—1)ye=drf(f—1).
En el punto de equilibrio interior, g =0y (1 — 2" 1)b—e(l —a) =0, y, al

evaluar la Jacobiana se obtiene

f(1 = fdr(1 — a) —f( =) ((n=1)(r = 1)z
—ra’ + drfa’)

z(1— z)((l —r)(1—2""1) 2(1—2) (—(n —1)2"2p
—%1—aﬂ%ﬁf—dﬂ) —e(—a))

Para simplificar el andlisis, considerando la influencia del parametro d, la Jacobiana se
separa en dos matrices Jg v Jr de dimension 2 X 2 como J = Jg +d Jr.

Si d = 0, la matriz se reduce a Jg y al modelo en (Hauert et al., 2002a).
Cuando es evaluada en ( fo, Zp), los términos en la diagonal Jg,, v Jg,, son iguales a
cero. El término Jp,, es negativo porque r > 1. Ademas, el término Jg,, es positivo
para 2y € (0,1) y los pardmetros n, o, y r con valores normalmente utilizados en la
literatura. En la Figura E.2 se puede observar el valor de Jg,, para 0 < 25 < 1y en
particular, el valor en el equilibrio ( fo, Zp). Por lo tanto, los autovalores de Jg dados
por A2 = Jg, Jr,,, son imaginarios puros y el punto interior es un centro como fuera
probado en (Hauert et al., 2002a).
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Figura E.2: Modelo para tres estrategias. Valores de Jg,,, a y a/ para valores crecientes de
z. (a) Valores de Jg,, para 0 < zp < 1y fo = o/(r —1); para 2, el término es positivo. (b)
Valores de a para 0 < z < 1. (c) Valores de a para 0 < z < 1. Pardmetros: n =5, r =3,y
o=1.

En el siguiente Teorema se analiza la matriz Jacobiana J perturbada por el

parametro d. Para esto, se considera que d ~ 0.

Teorema 1 Suponga una matriz Jacobiana del Sistema (6.11) definida como J y de-
scompuesta como J = Jp+dJp con entradas Jg,, y Jr,; parai,j € {1,2} con derivadas
acotadas. Suponga también un punto de equilibrio inicial (fo, Zo) del Sistema (E.4) que
corresponde al parametro d = 0, y otro punto de equilibrio para 0 < d definido como
(fd,éd). Entonces, la Jacobiana J, evaluada en (fd,id) con d ~ 0, tiene autovalores

complejos con parte real positiva.

El Teorema 1 muestra que para un valor pequeno de d, los autovalores de la
Jacobiana J son complejos con parte real positiva cuando es evaluada en (f 4, 2q). Esto
significa que el punto de equilibrio es un foco inestable; i.e., las soluciones del Sistema
(E.4) son repelidos del equilibrio hacia el borde del simplex. En la Tabla E.1, se puede
observar el punto de equilibrio ( fd, Z4), las entradas de la Jacobiana J y los autovalores
para algunos valores de d.

Cuando d = 0, los autovalores de J son imaginarios puros y el punto de
equilibrio es un centro; si el valor de d es positivo, los autovalores tienen parte real
positiva y el punto de equilibrio es un foco inestable, en concordancia con el Teorema 1.
Asimismo, a medida que el valor de d se incrementa, valor de Z; decrece mientras que
el valor de fd se incrementa. Ademés, el punto de equilibrio ( fd, Z4) cambia su posicién

desde ( o, Zp) con d = 0 en el interior del simplex hacia el borde xy (ver Figura E.3).
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Tabla E.1: Efecto del parametro d en las entradas de la jacobiana J evaluada en el punto
de equilibrio (fd,éd) con sus correspondientes autovalores. Para d = 0, (fd,éd) = (fo,éo).
Pardmetros: n=5,r=3,yo=1;¢ = Jg,, —c2o+ec11 Yy A = (Jry, — 22 +¢11)> — 4 (Jr,,
621)(JR12 + 612).

d J=Jr+dJr (f,2) A=0.5() £0.5VA
_ 0  0.24831 0.48162 —0.21732 A1 = 0.00210 — 0.34182i
d=0.01 [—0.47471 0.00046] d [—0.00437 —0.06878} (0.5025,0.4516) A2 = 0.00210 + 0.34182i

A1 = 0.00021 — 0.342137

0 0.24688 0.47778 —0.22112
d = 0.001 { } +d { A2 = 0.00021 + 0.34213¢

—0.47454 0.00005 —0.00044 —0.06996} (0.5003,0.4604)
A1 = —0.34215:¢

d=0 0 0.24671 d 0.47735 —0.22155
- A2 = +0.34215:¢

—0.47450 0 0 70.07008} (0.5,0.4613)

Figura E.3: Efecto de d en el punto de equilibrio interior. Pardmetros: n=5,r=3,yo =1,
y valores de d: (a) d = 0.1 y (b) d = 0.2. El punto blanco representa un punto de equilibrio
inestable.

E.3 El punto de equilibrio (%,9, 2) = (1,0,0)

Este punto corresponde al vértice x = 1 y representa a una poblacion homogénea
compuesta exclusivamente por cooperadores. Cuando d = 0, este es un punto de
equilibrio tipo silla ! (Hauert et al., 2002b). A continuacién, se caracteriza el equilibrio
para 0 < d y en particular para d; < d. Por simplicidad, se utiliza el Sistema (f, z)

(ver (B.9)). Evaluando la Jacobiana en este punto de equilibrio se obtiene:

1—r/n—dr(l—1/n) 0

J =
0 o—(r—1)

(E.10)

'Los puntos de equilibrio tipo silla, actua como un atractor para algunas trayectorias y un repulsor
para otras. En este trabajo se considera a los puntos tipo silla como puntos de equilibrio inestables
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Los autovalores de (E.10) son: Ay =1—7r/n—dr(1 —1/n)y Ay = (0 — (r —1)). Note
que A es negativo por la condicién del juego de que 0 < o < (r — 1) (Axioma 2) y
la eleccién del valor de d determina el signo de ;. Dado que d; = (n —r)/r(n —1).
Entonces, para d < dy, A\ es positivo y el equilibrio es inestable (una silla), sin embargo,
si d; < d, A1 es negativo y el equilibrio es localmente asimptoticamente estable. Para
una mejor comprension de la cuenca de atraccion de este equilibrio, se considera la
funcién de entropia relativa utilizada en (Weibull, 1997; Sandholm and Ansell, 2010)

como funcién candidata de Lyapunov.

Teorema 2 Suponga que (f,2) = (1,0) y la funcién candidata de Lyapunov Vijo) =
fln (f/f) tal que Vo > 0 para todo (f,z) # (f,0) y Vijo) = 0 para todo (f,z2) =

(f,0). Si
n(l—2)(1+ (r—1)z""1) —r(1 —2")

n(l—2)r—r(1—2m) ’

df > (E.11)

entonces V(f,o) < 0, y el punto de equilibrio es localmente asimptoticamente estable.

En la Figura E.4, se analiza la condicién (E.11) para valores de d, con la
restriccion que d > d;, dado que es un requisito para que el punto de equilibrio sea
estable (ver Lema 4). Se puede observar dos regiones en el simplex. La region de color
naranja contiene todos los estados del sistema en donde Vf < 0, mientras que la regién
de color purpura contiene los estados en donde Vf > (0. Ambas regiones estan separadas
por una linea roja que divide el simplex desde un punto en el borde zy (donde z = 0)
definido como p; a otro punto en el borde yz (donde x = 0) definido como py (ver
Figura E.4). Esta divisién corresponde al conjunto de puntos en donde Vf cambia de

signo.
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Figura E.4: Valores de Vf para cada estado del sistema. El area en color naranja representa
estados donde Vf < 0; el area en color pirpura representa estados donde Vf > 0. La linea roja

entre ambas regiones representa el conjunto de puntos donde V; cambia de signo. Las Iineas en
negro, son trayectorias desde diferentes valores iniciales en el simplex. Pardmetros: n =5, r = 3,
oc=1y,d: (a)d=0.25y (b)d=0.5.

A medida que el valor de d aumenta, la region donde Vf < 0 aumenta de
tamano. Esto ocurre porque el punto p; se mueve hacia el vértice y = 1. Note que, el
valor de p; obtenido de Vf =0esxz = (n—r)/r(n—1)d. Esta es la posicién del punto
de equilibrio interior en el borde zy analizado en el Capitulo D. El punto ps, en cambio,
no depende de d. Cuando = = 0, la expresién se reduce a 1 + (r — 1)2""t —ra = 0
(ver (B.6)). Por lo tanto, el valor de z en el punto py es fijo y corresponde al valor de
%z cuando d = 0 como en (Hauert et al., 2002a).

En la Figura E.4, pueden observarse trayectorias que inician en ambas
regiones:Vf <0y Vf > 0. Debido a la estructura de la solucién, ain las trayecto-
rias que inician fuera de la vacia de atraccion son atraidas y eventualmente terminan
en el punto de equilibrio (1,0,0) que es, en ese caso, globalmente asimptdticamente
estable. Note como en la Figura E.4.(a) algunas trayectorias oscilan antes de alcanzar
el equilibrio; esto es causado por el punto de equilibrio inestable que existe en el inte-
rior del simplex. Este punto se desplaza hacia el borde xy a medida que d aumenta,
y lo alcanza cuando d = ds, que para los parametros en la Figura E.4, corresponde a
dy = 0.2857.

Desde un punto de vista practico, son interesantes las trayectorias en las
que la frecuencia de cooperadores se incrementa hasta alcanzar el equilibrio. Para
observar este comportamiento, se define como €2 al conjunto de valores iniciales donde

la frecuencia de cooperadores se incrementa continuamente a lo largo de la trayectoria
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de la solucién hasta alcanzar el punto de equilibrio, i.e.,
Q= {(x(to), y(to), 2(to)) : #(F) < x(t)} Vo <T<t. (E.12)

En la Figura 6.7, se observa la region €2 en color verde. A medida que el
valor de d aumenta, la region 2 también aumenta. Por otra parte, se puede observar
en color azul al conjunto de valores iniciales en el simplex S3, en los cuales la frecuencia

de cooperadores decrece antes de alcanzar el equilibrio, i.e. S5 — €.

xr xr

Figura E.5: Valores de x en las trayectorias para cada valor inicial posible. El area verde
representa valores iniciales donde la frecuencia de cooperadores x aumenta a lo largo de la trayec-
toria; el area azul, representa valores iniciales en donde en algln punto de la trayectoria el valor
de x disminuye. Las lineas negras corresponden a trayectorias desde diferentes puntos iniciales.
Pardmetros: n=5,r=3,yo=1,yd (a) d=0.22y (b) d=0.5.

E.4 Efecto del castigo fraccionado en el sistema.

Resumen.

El efecto del pardmetro d (y por lo tanto, del castigo fraccionado) sobre la dindmica
del sistema y sobre los puntos de equilibrios del mismo puede describirse utilizando
los umbrales d; y dy introducidos en la seccién E.2. (i) Cuando d = 0, el punto de
equilibrio interior ¢; es un centro, y los vértices son equilibrios tipo silla por lo que el
borde del simplex forma una 6rbita heteroclinica (Hauert et al., 2002a). Las 6rbitas
periédicas alrededor del equilibrio interior pueden verse en la Figure E.6(i). (ii) Si d es
positivo, se producen dos transformaciones en el sistema. En primer lugar, el punto de
equilibrio ¢; se vuelve inestable y, segundo, la posiciéon del mismo se desplaza hacia el
borde xy. En la Figura E.6(ii), se puede ver como las trayectorias oscilan, alejandose

del punto de equilibrio hacia el borde del simplex.
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(iii) Cuando d; < d < da, el punto de equilibrio ¢o surge en el borde zy; es
un equilibrio inestable que se desplaza hacia el vértice y = 1 a medida que aumenta
el valor de d. Ademas, el equilibrio £ = 1 que era anteriormente un punto inestable
tipo silla, se vuelve un atractor (estable). Asimismo, la cantidad de oscilaciones en las
trayectorias, disminuye a medida que d aumenta (ver Figura E.6.(iii) y E.6.(iv)). (v)
Cuando d = ds, el equilibrio ¢; alcanza el borde y se une con el punto ¢,. Este nuevo
punto denominado g3 continda siendo inestable (ver Figura E.6.(v)). (vi) Para dy < d
hasta d = 1, no existe un punto de equilibrio en el interior del simplex; el punto g3 se
desplaza hacia el vértice y = 1 a medida que d aumenta pero no lo alcanza; el valor
de x cuando d = 1, es & = (n —r)/r(n — 1), que corresponde a la cantidad minima
de cooperadores necesaria para obtener la cooperacion en un juego compulsorio, como

fuera analizado en el Capitulo D.

x x x

(i) (ii) (iii)

(iv) (v) (vi)

Figura E.6: Diagrama de fases del sistema para diferentes valores de d. Parametros: n = 5,
r =3,y o = 1. Para estos parametros: d; = 0.16667 y do = 0.2857. Note que ¢1, q2, Y g3
son puntos de equilibrio. (i) d = 0, (ii) d = 0.1, (iii) d = dy, (iv) d = 0.25, (v) d = da, y (vi)
d=0.99.
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Capitulo F
Discusion

El juego de bienes piiblicos, tanto en la variante clasica compulsoria en donde los
individuos deben participar del juego, como en la variante opcional en donde participar
es una decisién personal, asume condiciones que no son facilmente encontradas en la
vida real mas alla de los experimentos que puedan realizarse en forma controlada en un
laboratorio. Si por encima de todo esto, se decide estudiar estos juegos desde el punto
de vista evolutivo con una dinamica como, por ejemplo, la dinamica del replicador,
la posibilidad de encontrar un caso practico en donde se cumplan en forma directa
todos los requisitos de los modelos, es atin menor. Sin embargo, la problematica que
representan estos modelos forma parte el dia a dia de todos los individuos y, atin cuando
no se cumplan los requisitos del modelo tedrico, muchos de los resultados observados
en los mismos puede relacionarse a situaciones que atraviesan instituciones y proyectos
de todo tipo.

Esta duplicidad entre lo teérico y su posible explicacion practica es intere-
sante e intrigante. Varios resultados tedricos tienen sentido en la realidad: (1) como
se mencioné anteriormente, aumentar el costo de un servicio porque los recursos son
insuficientes, significa castigar a quien estd cumpliendo con su obligacion y facilmente
puede incentivar a mas personas a infringir las reglas, (2) el ciclo caracteristico de la
variante del juego opcional, es comiin en muchos proyectos en donde una etapa exitosa
puede desembocar en una situacion mala por el incremento de la morosidad hasta el
punto que un proyecto puede desaparecer, o (3) como se puede observarse en la Figura
E.6 la sancién de una fraccién de los infractores disminuye el porcentaje de solitarios
en la poblacion en el punto de equilibrio, una consecuencia que parece razonable ya que
un proyecto en donde se cumplen las reglas, obtiene mejores resultados y le da mayor
confianza a la poblacién para participar en el mismo.

La contribucién de esta tesis consiste en un modelo tedérico en el que se
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considera un mecanismo de aplicacion de sanciones, ampliamente utilizado en la prac-
tica, que consiste en sancionar solamente a una fraccion de los infractores, al que se
denominé castigo fraccionado. Para definir el modelo se consideraron dos situaciones
comunes relacionadas a la administracion de las instituciones: (1) no es posible casti-
gar a todos los infractores por falta de recursos y (2) tanto el servicio proveido como
los recursos necesarios para sancionar provienen del monto recaudado por el pago del
servicio.

El resultado de aplicar el castigo fraccionado, en el modelo tedrico, es el
incremento del nivel de cooperacion. Inclusive se puede obtener la cooperacién de toda
la poblacién. El valor de d define también el tipo de trayectoria de la soluciéon, con
una d muy pequena se alcanza la cooperacion total después de oscilaciones cada vez
mayores, cuando d es mayor las oscilaciones disminuyen. De especial interés son las
trayectorias con valores de cooperacién siempre mayores hasta alcanzar la cooperacion
total. Ademas, el método de aplicar la sancién asegura que no existan desertores
de segundo orden, es decir, cooperadores que no aporten al costo de sancionar a los
desertores, evitdndose el costo de la sancién de segundo orden. Ademas, el costo total
de sancionar depende de la cantidad de desertores a ser sancionados.

Ahora, si se considera una situacion similar a la modelada pero en la vida
real, y en especial un caso como los proyectos comunitarios en donde los recursos
pueden ser escasos, el castigo fraccionado es una herramienta 1util para incrementar el
nivel de cooperacion; ademas, visto que el costo de la sancién estd relacionado con la
fraccion de individuos a sancionar, la misma puede adecuarse a los recursos disponibles
en ese momento en el proyecto. Sin embargo con esta metodologia, la presién en el uso
correcto de la contribucion total es mayor, alcanzar un balance entre el monto a utilizar
en la provisién de un servicio y el monto a utilizar para sancionar a los infractores (con
el fin de incrementar nuevamente la cooperacién y como consecuencia los recursos) es
mas importante. Se debe tener en cuenta que sancionar a los infractores aumenta la
cooperaciéon pero disminuye el beneficio individual. De ahi que alcanzar el balance

adecuado entre ambos gastos es quizds una caracteristica méas de una institucion o
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proyecto exitoso.

Capitulo G

Conclusion y trabajos futuros

En este trabajo se ha definido el mecanismo de sancién o castigo fraccionado. Se ha
modelado el sistema en el contexto de la teoria de juegos evolutivos y la evolucion de la
cooperacion y se ha implementado el castigo fraccionado en un juego de bienes piblicos
opcional y compulsivo utilizando la dinamica del replicador. Los resultados obtenidos
fueron analizados en relacion a la modificaciéon de los puntos de equilibrio del sistema y
el incremento de la frecuencia de cooperadores y se presentaron los requisitos necesarios
para alcanzar la cooperacion total. Ademds, se han senalado las coincidencias entre
los resultados tedricos y observaciones empiricas en casos practicos como el proyecto
comunitario de las juntas de saneamiento.

En trabajos futuros, se tendra en cuenta otros factores que pueden afectar
el nivel de cooperacién como es la redistribucion del beneficio sustraido a los infractores
en el grupo de cooperadores asi como sanciones parciales. También se considerara una
sancion adaptativa que seria mas eficiente y que acompane en el tiempo las modifica-
ciones en la composicién del grupo. Ademaés se estudiara la relacion entre el porcentaje

de la contribucion dirigida a sancionar y el nivel de cooperacion alcanzado.
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